HIGHER ARITHMETIC ^-THEORY 



YUICHIRO TAKEDA 



Introduction 



The aim of this paper is to provide a new definition of higher .fT-theory in Arakelov 
geometry and to show that it enjoys the same formal properties as the higher algebraic 
.fT-theory of schemes. 

Let X be a proper arithmetic variety, that is, let X be a regular scheme which is flat, proper 
and of finite type over Z, the ring of integers. In the research on arithmetic Chern characters 
of hermitian vector bundles on X, Gillet and Soule defined the arithmetic K -group K (X) 



of X |L0| . It can be viewed as an analogue in Arakelov geometry of the i^o-group of vector 
bundles on a scheme. 

After the advent of Kq(X), its higher extension was discussed in some papers, such as 



|5], y, [L5| . In these papers one common thing was suggested that higher arithmetic i^-theory 
should be obtained as the homotopy group of the homotopy fiber of the Beilinson's regulator 
map. That is to say, it was predicted that there would exist a group KM n (X) for each n > 
satisfying the long exact sequence 

► K n+1 (X) -A ®H%- n ~\X,R(p)) - KM n {X) - K n {X) 

p 

where HJp(X,M.(p)) is the real Deligne cohomology and p is the Beilinson's regulator map. 

To get the homotopy fiber, a simplicial description of the regulator map is necessary. And 
it was given by Burgos and Wang in ||. For a compact complex manifold M, they defined 
an exact cube of hermitian vector bundles on M and associated with it a differential form 
called a higher Bott- Chern form. This leads us to a homomorphism of complexes 

ch : ZS*(M) -> D*(M,p)[2p + 1] 

from the complex Z,S* (M) associated with the S-construction of the category of hermitian 
vector bundles on M to the complex D*(M,p) computing the real Deligne cohomology of 
M, which is defined in p|. It is the main theorem of || that the following map coincides 
with the higher Chern character map with values in Deligne cohomology: 

p : K n (M) ~ n n+1 (S(M)) Hu ^ cz H n+X {S{M)) H 2 ^ n (M, R(p)). 

Applying the theory of higher Bott-Chern forms to an arithmetic variety, we can obtain a 
simplicial description of the regulator map. 

In this paper, we will give another definition of higher arithmetic iCtheory of a proper 
arithmetic variety by means of higher Bott-Chern forms, which differs from the one coming 
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from the homotpy fiber of the regulator map. One of the remarkable features of our arith- 
metic X-theory is that it is given as an extension of the usual .fT-theory by the cokernel of 
the regulator map. 

Before explaining our method, let us recall the definition of K (X). For a proper arithmetic 
variety X, let A P ' P (X) be the space of real (p,p)-forms u on X(C) such that F^uj = (— 1) p uj 

for the complex conjugation : X(C) -> X(C) and let A(X) = ®A P ' P (X)/ Im d + Imd. 

v 

Then Kq(X) is defined as a factor group of the free abelian group generated by pairs (E, u) 
of a hermitian vector bundle E on X and uo G A(X). The relation on pairs is given by each 
short exact sequence £ : — > -E 7 — > £ — > i?" — > as follows: 

(E 7 , c/) + (F 7 , w") = (E, J + cu" + ch(£)), 

where ch(£) is the Bott-Chern secondary characteristic class of £ and uj',uj" G A(X). 

We can interpret the above definition of K (X) in terms of loops and homotopies on 
IS^X)!, the topological realization of the ^-construction of the category of hermitian vector 
bundles on X. Let us consider a pair (l,u>), where / is a pointed simplicial loop on (S^X)] 
and uo G A(X). Two pairs and {V are defined to be homotopy equivalent if there 

is a cellular homotopy H : S 1 x //{*} x / — > (^(X)) from I to I' such that the Bott-Chern 
secondary characteristic class ch(ff) of H, which is defined in a natural way, is equal to the 
difference u/ — uo. Let 7Ti(|S'(X)|, ch) denote the set of all equivalence classes of such pairs. 
Then it carries the structure of an abelian group and the map 

£ (*)->7ri(|5(X)|,<*) 

defined by (E,cu) i— > (%, —a;), where % is the simplicial loop on ^(X)! determined by E, is 
shown to be bijective. 

In this paper, we will generalize the above construction of 7?i to higher homotopy groups 
to define higher arithmetic X-groups. Strictly speaking, we will define the n-th arithmetic 
K-group K n (X) as the set of all homotopy equivalence classes of pairs (/, u), where / : 
S n+1 — > IS'pQI is a pointed cellular map and a; is a real differential form on X(C) modulo 
exact forms. We will employ the theory of higher Bott-Chern forms in defining a homotopy 
equivalence relation on these pairs. 

Let us describe the content of the paper in more detail. 

In §1 we introduce some materials used in the present paper, such as ^-construction, cubes 
and higher Bott-Chern forms. Furthermore, by renormalizing the higher Bott-Chern forms, 
we obtain a homomorphism of complexes 

ch GS : ZS.(X) 

where A*(X) is a complex of vector spaces of real differential forms on X(C) satisfying a 
certain Hodge theoretic condition. In §2 we propose the notion of modified homotopy groups, 
which is a higher generalization of the above 7?i. In §3 we define higher arithmetic ii'-groups 
K*(X) as the homotopy groups of ^(X)! modified by the homomorphism ch GS . We show 
the following exact sequence concerning K n (X): 

K n+l {X) - A n+1 (X) - K n (X) - K n (X) ^ 0, 
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where A n+ i(X) = A n+ i(X) / Im dji. When n — 0, this exact sequence has already been 
obtained in |ID| . Moreover, we define the Chern form map 

ch^ 5 : K n (X) - A n (X) 



in the same way as ch : Kq(X) — > A(X) in [ffOl. The group KM n (X), which is characterized 
as the long exact sequence as mentioned before, is realized as the kernel of ch n . When 
we fix an i 7 ^ -invariant Kahler metric hx on X(C), we define Arakelov iT-group K n (X) of 
X = (X,hx) as the subgroup of K n (X) consisting of all elements x G K n (X) such that 
ch^ 5 (x) is harmonic with respect to hx- The group K n (X) fits into the exact sequence 

K n+1 (X) -A ®H%- n -\X,R(p)) -> K n (X) -> K n (X) -> 0, 
p 

where p is the Beilinson's regulator map. 

The next two sections concern product structure on K*(X). In §4 we prove a product 
formula for higher Bott-Chern forms. It provides an alternative proof of the fact that the 
regulator map respects the products. In §5, we define a product in higher arithmetic K- 
theory. We show that this product is graded commutative up to 2-torsion. A striking 
property of the product is the lack of the associativity. In other words, for x,y,z G K*(X), 
(x x y) x z is not equal to x X {y X z) in general. We compute this difference explicitly. 
Moreover, we show that there is an associative product in the Arakelov if-theory. 

In §6, we define a direct image morphism in higher arithmetic i^-theory. To do this we 
employ a higher analytic torsion form of an exact metrized cube defined by Roessler p~4 1 . 
Moreover we establish the projection formula. 
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1. Preliminaries 



1.1. Conventions on complexes. Let us first settle some conventions on complexes. For 
a complex A* = (A n , d^} of an abelian category 21 and n6Z, the n-th translation A[n}* is 
defined as A[n] k = A n+k and d^f n i = (—1)™^- For a morphism of complexes w : A* — > B*, 
the mapping cone Cone(u) is defined by 

Cone{u) h = A k+1 © B k 

and the differential d : @ B k ^ A k+2 © 5 fe+1 is defined by 

d(a, b) = (— c?a(o), u(a) + dsip)). 

A homological complex is a family {A n } ne % of objects of 21 with morphisms 
8a '■ A n — > A n _i such that d\ = 0. For a homological complex (A„,<9a), we can define 
a complex A* by A™ = A_ n and <iyi = Da- The n-th translation of a homological complex 
A* is defined by A[n]k = Ak- n and c^n] = (— l) n <9,4- 

1.2. S-construction. In this subsection we recall S-construction developed by Wald- 
hausen fl6f . Let [n] be the finite ordered set {0, 1, • • • , n} and Ar[n] the category of arrows 
of [n]. For a small exact category 21, let S n 2l be the set of functors 

E : Ar[n] — > 21, i<j^ E itj 

satisfying the following conditions: 

(1) i?^ = for any < i < n. 

(2) For any i < j < k, Eij — > E^ — > Ej^ is a short exact sequence of 21. 

For example, S 2l = {0}, Si 21 is the set of objects of 21 and S 2 2l is the set of short exact 
sequences of 21. The functor 

S21 : [n] i-> S„2l 

becomes a simplicial set with the base point G So2l. 

The set S n 2l can be identified with the set of sequences of injections 



E 0j i >— > • ■ ■ >— > Ei 



0,n 



with quotients E^j ~ Eqj/Eq^ for each i < j. By using this identification, we can describe 
the boundary maps and the degeneracy maps of S21 as follows: 



dk(E 0A >—»••••>—> E 0jn ) = 

and 

•Sfc(-Eo,l >—>•••>—► -E ,n) 




#L,n, fc = 0, 



fc = 0, 

E ,n, k > 1. 




5 



Theorem 1.1. |L6|, §1.9] There is a homotopy equivalence map between the topological 
realizations of simplicial sets 

\S%\ ~ \BQ%\, 

where BQ% is the classifying space of the Quillen's Q- construction o/2l [|I3" |. Therefore for 
n > 0, follows that 

TT n+ i(\S%0)~K n (%). 



1.3. Exact n-cubes. Let us recall the notion of an exact n-cube. For more details, see 
0, ||]- Let < —1,0, 1 > be the ordered set consisting of three elements and < —1,0, 1 > n 
its 72-th power. For a small exact category 21, a functor T :< —1,0, 1 > n — »■ 21 is called an 
n-cube of 21. Let J- au -,a n denote the image of an object («i, • • • , a n ) of < —1, 0, 1 > n . For 
integers i and j satisfying 1 < i < n and — 1 < j < 1, an (n — l)-cube dfj 7 is defined 
by (c^.F) aij ... >Qln _ 1 = ^ r ai,-,a!i_ij,ai,-,an-i- ^ i s called a /ace of JF. For an object a of 
< —1, 0, 1 >™ _1 and an integer z satisfying 1 < i < n, a 1-cube c\".F called an edge of JF is 
defined by 

•F<x\,— ,ai_i,— l,Oi,— ,a n -i > -Folx,— ,aj_i,0,ai,"' ,a n _i * •Fa.\,— ,on-\,l,cti,— ,a n -i • 

An n-cube JF is said to be exact if all edges of T are short exact sequences. Let £7^21 denote 
the set of all exact n-cubes of 21. If T is an exact n-cube, then any face d[T is also exact. 
Hence cV induces a map 

dj . c n 2l -> C n _iSt. 

Let .F be an exact n-cube of 21. For an integer i satisfying 1 < i < n + 1, let s*JF be an 
exact (n + l)-cube defined as follows: 



K S i •^ 7 )«i,--- ,a n +i 



0, a» = 1, 

•Fct\,— ,oti-l,oti+l,— ,a„+i > a i 7^ 1 



and the morphism (sj J 7 )^,- ,a i - 1 ,-i,a i+1 ,- ,a n+1 (s|- ?r )ai,-,a < _i ) o,«i+i,- ) an+i is tne identity of 
^ai.-.a^iA+i.-A+r I* 1 addition, let s^-F be an exact (n + l)-cube defined as follows: 



i S i •^')air'>«n+i 



0, a, = -1, 

•Fai,— ,ai_i,Qi + i,— ,a„+i) a i 7^ — 1 



and the morphism (s i 1 J r ) Ql ,-, ai _ 1 ,o, ai+1 ,-,a„+i -> (s 

j J-) ait ... ,a < _ 1 ,i,a< + i,— ,o„ + i is the identity 

of J r a 1 ,...,a i _ 1 ,a i+1) ...,a n+r Then the map 

: C n 2l -> C n+ i2l 

is also defined. An exact cube written as s\T is said to be degenerate. 

Let ZC n 2t be the free abelian group generated by C„2l. Let D n C ZC„2l be the subgroup 
generated by all degenerate exact n-cubes. Let ZC n 2l = ZC„2l/D n and 

n 1 

i=ij=-i 

Then ZC*2l = (ZC„2l, 9) becomes a homological complex. 
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We can construct an exact (n — l)-cube Cub(E) associated with an element E G S n Qi in 
an inductive way. In the case of n = 1, let us define Cub(E) = E for E G 5*i2t. When 
an exact (m — l)-cube is associated with any element of S* m 2t for m < n, an (n — l)-cube 
Cub(.E') associated with E G S n $l is defined as 

d^ 1 Cub(E) = s 1 n _ 2 ---sl(E 0A ), 

d^Cub(E) = Cub(<9i£), 

dlCub(E) = Cub{d E). 

Then Cub : S n $l — > C„_i2l induces a homomorphism of complexes 

Cub : ZS,2l[l] ZC*2l. 

Remark: The differential of ZC*2l defined above is the minus of the one defined in ||. 
But since the differential of ZS^Slfl] is also the minus of the one of ZS^Sl, the homomorphism 
Cub is compatible with the differentials of complexes. 

1.4. Deligne cohomology. Let M be a complex algebraic manifold of dimension n, that 
is, let M be the analytic space consisting of all C-valued points of a smooth algebraic variety 
of dimension n over C. Then higher Chern character map from higher algebraic i^-theory 
to a reasonable cohomology theory 

ch,: Ki(M) -> (BH 2 '- l (M,T(j)) 
j 

has been developed in ||. In the case of i = 0, it is given by the Chern characters of vector 
bundles. But when i > and M is compact, ch« with values in the singular cohomology is 
known to be trivial. 

In order to obtain a nontrivial higher Chern character map, we should consider Deligne 
cohomology. From now on we assume that M is compact. Let Q* M be the complex of analytic 
sheaves of holomorphic differential forms and let F P Q* M be the de Rham filtration of Q* M , 
that is, 

Fm* M = (o -> n p M -> nfr 1 - . . . - w M ). 

The real Deligne complex R(p)d on M is a complex of sheaves defined as follows: 

Cone(R(p) © F P Q* M ^ n* M )[-l], 

where e and i are natural inclusions. It is obvious that R(p)x> is quasi-isomorphic to the 
complex 

- R(p) — > Om &m fi^ 1 - 0, 

where R(p) is of degree zero. The rea/ Deligne cohomology H^(M,M.(j))) is defined as the 
hypercohomology of R(p), that is, 

^(M,M(p))=H l (M,M(p) a) ). 

In fact, Deligne cohomology can be defined when M is neither smooth nor compact fTj. 
Moreover, it can be a target of a nontrivial higher Chern character map, that is, there is a 
homomorphism 

ch, : Ki(M) -> ©tfg^M.RG?)), 
p 
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which is far from trivial. 

Let £^(M) be the space of real smooth differential forms of degree p on M and £ P (M) = 
£^(M) (gi C. Let 8, p,q (M) be the space of complex differential forms of type (p, q) on M. We 

set 

<r £^ 1 (M)(p-l)f1 © £p'-«'(M), n<2p, 

p'+q'=n— 1 
p'<p,g'<p 

£| P (M) (p) n £ p - p (M) n Ker d, n = 2p, 

0, n> 2p 



D n (M,p) 



and define a differential d B : D n (M,p) -> D n+1 (M,p) by 

-7r(cL;), n < 2p — 1, 
dj>(a>) = ^ —2ddu, n — 2p — l, 
0, n > 2p — 1, 

where it : £ n (M) — > D n (M, p) is the canonical projection. 

Theorem 1.2. 0, Thm.2.6] Let M be a compact complex algebraic manifold. Then 
(T)* (M , p) , ds) becomes a complex of "R-vector spaces and there is a canonical isomorphism 

H n (V*(M,p),dv) ^ H%(M,R(p)) 



if n < 2p. 



1.5. Higher Bott-Chern forms. In this subsection we recall the higher Bott-Chern forms 
developed by Burgos and Wang. For more details, the reader should consult the original 
paper || or a survey A hermitian vector bundle E = (E,h) on a complex algebraic 
manifold M is an algebraic vector bundle E on M with a smooth hermitian metric h. On 
a hermitian vector bundle E, there is a unique connection that is compatible with both 
the metric and the complex structure. Let denote the curvature form of V^. The Chern 
form of E is defined as 

cho(^) = Tr(exp(-f%)) G ©D 2p (M,p). 

v 

Hereafter we assume that M is compact. An exact metrized n-cube on M is an exact 
ra-cube made of hermitian vector bundles on M. Let T = {E a } be an exact metrized n-cube 
on M. For an n-tuple a = (cti, • ■ • , a n ) with — 1 < a& < 1 and an integer i satisfying ctj = 1, 
there is a surjection E ait ... iOH _ lt0tO , i+lt ... >an E a . T is called an emi-n-cube if the metric 
on any E a with a>i = 1 coincides with the metric induced from E ai> ... tCH _ lt0tO , i+lt ... %an by the 
above surjection. 

Let (x : y) be the homogeneous coordinate of P 1 . Let 0(1) be the tautological line bundle 
on P 1 with the Fubini-Study metric. For a hermitian vector bundle E on M, let E(l) be the 
hermitian vector bundle on M x P 1 given by n\E <g> -n* 2 0{l). Let a x ,a y G if (P 1 ,O(l)) be 
global sections of 0(1) determined by x and y respectively. 
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For an emi- 1-cube £ : E_ x -> E -> a map ^ : £_i -> £ (1) © on M x 

P 1 is defined by e h> (i(e) ® cr^e <g) cr y ), where t is the injection E_i — > E^. The 1- 
transgression bundle tri(£) of £ is a hermitian vector bundle on M x P 1 given by the cokernel 
of ip with the induced metric. It follows from the definition that tri(£) \mx{x=o} — E and 
tri(£)|Mx{?/=o} — E_i © E x . Hence tri(£) can be viewed as a family of hermitian vector 
bundles on M parametrized by P 1 connecting E with E_i © E 1 . 

The n-transgression bundle of an emi-n-cube is defined by iterating the above process. 
The 1-transgression tri(jF) of an emi-n-cube T is an emi-(n — l)-cube on M x P 1 defined as 

tn(^ Q = tn(a£(.F)) 

for a G< —1, 0, 1 > n_1 . The n-transgression bundle of is defined as 

n times 

tr n (.F) = tritri • • -trifT), 

which is a hermitian vector bundle on M x (P 1 )". 

Let 2 = i/?/ be the Euclidean coordinate of P 1 and Zi the i-th Euclidean coordinate of 
(P 1 )™. For an integer i satisfying 1 < i < n, a differential form with logarithmic poles S l n on 
(P 1 )" is defined as 

S l n = V(- i r i oglMi)| 2 ^A...A^A^^A...A^. 

Let us define the Bott-Chern form of an emi-n-cube T as 

ch n (^) = - 1 [ ch (tr n (^)) A T n e ®D 2p - n (M,p), 

where 



Proposition 1.3. Let T be an emi-n-cube on M . Then 

ch n+1 (s^) = 

for 1 < i < n + 1 and j — ±1 . 

Proof. Let us first consider the case of n = 0. For a hermitian vector bundle E on M, it 
follows that s^E = ^0 — > E Hence the 1-transgression bundle tr(sj" 1 E) is isometric 

to -E'(l). If r : P 1 — > P 1 is an involution given by r*(z) = z -1 , then r*(E(l)) = E(l). Hence 



we have 



ch^E) = —L= f ch (E(l))log|^| 2 

* (ch (£(l))log|z| 2 ) 



1 

27Ta/--1 J -pi 

-1 



ch (£(l))log|* 



2 



27TV-1 

= -ch^sr 1 ^), 

therefore ch^s^E) = 0. In the same way we can show chi(s\E) = 0. 

Let us move on to the general case. For 1 < % < n + 1, let : (P 1 ) n+1 — > (P 1 )"* 1 denote 
an involution given by 

z~\ i=J. 

Then we have r*(tr n+ i(s]jF)) = tr n+ i(s^jF) and r*T„ + i = — T n+ ±. Therefore we can show 
ch n+1 (s^jF) = in the same way as above. □ 

Let us extend the definition of the Bott-Chern form to an arbitrary exact metrized n- 
cube. Let T be an exact metrized n-cube, not necessarily emi. For an integer i satisfying 
1 < i < n, XjJ 7 is defined as 



r i Z j ~ "1 -1 



E a , oii = —1 or 0, 



where E' a is the same vector bundle as E a with the metric induced from E ai> ... , ai _i,o,a»+i,- ,a n - 
Let }3T be an exact metrized n-cube defined as 



E ai: ... ,aj_i,l,aj + i,--- ,a n i a i 1) 
(\3~)a — ^ £'«i,-,ai_i,l,a, + i ) -,a„) a i — 0, 
0, «i = 1 

and the morphism E au ... , a ._ uha . +u ... , an -> £ ! ' ai ,..., ai _i,i,ai+i,-,an is the identity. We set \T = 
XjJ 7 © A 2 JF. An emi-n-cube AJF is defined as 



XT 



A„A„_i • • • AiJ", n > 1, 
J 7 , n = 0. 



Definition 1.4. T/ie Bott-Chern form of an exact metrized n-cube T is an element of 
®D 2p - n {M,p) defined as 



ch n (F) = - 1 [ ch (tr n (A^)) A T n . 
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Remark For an emi-n-cube T, the Bott-Chern form ch„(jF) defined in Def.1.4 is the 
same form as the one we have defined before, because there is a decomposition 

AJF = T © (a degenerate emi-n-cube) . 

For a compact complex algebraic manifold M, let T(M) be the category of hermitian vector 
bundles on M and S(M) the ^-construction of T(M). We note that S(M) is homotopy 
equivalent to the ^-construction of vector bundles on M by the map forgetting metrics. In 
particular, it follows that 

K n+ x(\S(M)\)~K n (M). 

Let ZC*(M) = ZC*P(M) and ZC° mi (M) the subcomplex of ZC*(M) generated by emi-cubes 
on M. Then JF i— > AjF induces a homomorphism of complexes 

A : Za(M) -> ZC, emi (M). 

Theorem 1.5. If J 7 is an exact metrized n-cube on M , then we have 

di>cli n (.F) = ch n _i(9F). 

Hence the higher Bott-Chern forms induce a homomorphism of complexes 

ch : ZC*(M) -> ©D*(M,p)[2p]. 
p 

Moreover, the following map 

K n (M) = 7r n+1 (S(M)) U ~ cz H n+1 (S(M)) ^ H n (ZC*(M)) $ ®H 2 ^ n (M,p) 

v 

agrees with the higher Chern character with values in the Deligne cohomology. 

This is the main theorem of [H. Here let us prove d-r> ch^J 7 ) = ch n _ 1 (9^ r ) in a different 
way from 0]. To do this we introduce another description of the logarithmic forms S l n . 

For integers ai, • • • , ctk with 1 < «j < n, a fc-form with logarithmic poles (a%, ■ ■ ■ ,a k ) on 
(P 1 )™ is given as 

(a x , ■ ■ ■ ,a k ) = log |^ ctl | 2 A • • • A rflog \z ak \ 2 . 
Let • • • , a k Y l ' k ~^ denote the (i, k — i)-part of (ax, • • • , ctk)- Then we have 

n 

Si = (i - i)!( n - i)\ log |z Q | 2 (l, • • • , a, ■ ■ ■ , nf' 1 ^. 

a=l 

Lemma 1.6. It follows that 

n 

dSi, = i\(n - i)\(l ■ .-nf^ + (n-i) £(-l)°001og \z a \ 2 ST n _ ltS , 

a=l 

n 

dS\ = (i-l)\( n -i + 1)!(1 • .. n f-hn-i + i) _(<_!) ^(_i)^log l^rCW 
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where S^_ 13 is the logarithmic form on (P 1 )™ with the same expression as S t n _ 1 for the 
coordinate (zi, ■ ■ ■ , z a -i, z a+ i, ■ ■ ■ ,z n ). 

We will prove more general identities in Lem.4.3. Let us return to the proof of the identity 
d<x> ch n (jF) = ch„_!(9jF). Since A : ZC*(M) — > 7*C^ mi (M) is a homomorphism of complexes, 
we may assume that JF is emi. Lem.1.6 implies 

n n 
=0 

n— 1 n 

E(- 1 ) i E(- 1 )^ 1 °gl^| 25 n-l.S- 



j=l i=0 

n-1 

= n 

i=l a=l 



If 5{ 2q=0 } (resp. <5{ 2a=00 }) is the current on (P 1 )™ given by the integration on the subvariety 
{z a = 0} (resp. {z a = oo}), then ddlog |z a | 2 = -(27r v /T T)(5{ Z(;(= o} - 5 {Zq=oo} ). Hence we 
have 

(—l) n + 1 r n 
^ch n (^) = 1 / cho(tr„A^53(-l)'dSi 

2 (27rv-l) n! jfpi)« ^— ' 



i=l 

n-1 



- / ch (tr n A^)^(-irE(- 1 ) a " 1 °gi^i 2 ^-^ 

_i\n+l r n 

fj-n ^7 / ch (tr„_ 1 (A^))^(-l)^_ 1 



2(27rV^T) n (n - 1) 

f-1 

2(2tt^ 



Remark. Burgos and Wang defined the Bott-Chern forms of metrized cubes on complex 
algebraic manifolds that are not necessarily compact in |J. They indeed developed the 
theory of higher Bott-Chern forms in a different way from the above and obtained an integral 
expression of them in the compact case. In this paper, we adopted their integral expression 
as the definition of Bott-Chern forms. But we should notice that our definition is the minus 
of their expression. 

1.6. Renormalization. The Bott-Chern secondary classes used in Arakelov geometry is 
not equal to chi(£). This disagreement stems from the definition of Chern forms. Gillet and 
Soule have defined the Chern form of a hermitian vector bundle E as 

ch% s (E) = Tr (exp ( ^jL= j ] e ©£r P (M) n £ P ' P (M) n Kerd. 



2W-1 



v 



Then it follows that ch.Q S (E)^ = ch (£) (p ' p) . Therefore to make it possible to 

apply the theory of higher Bott-Chern forms to Arakelov geometry, we have to redefine 
them as to be real forms. 
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We set 



r £^" 1 (M)n © £ P '^'(M), n<2p, 

p'+q'=n—l 

p' <p>q'<p 

£r P (M) n £ p - p (M) n Ker d, n = 2p, 
0, n > 2p 



A n (M,p) = < 



and define a differential d A : A n (M, p) — > ,A n+1 (M, p) as 

{— 7r(dc<;), n < 2p — 1, 

gM c x = 2 ~j-_ x dduj, n = 2p — 1, 
0, n > 2p - 1. 

Then (,A*(M,p), d^) becomes a complex. The renormalization operator pn : T> n (M,p) 
A n (M,p) is defined as 

— 7=^-0;, w = 2p, 

Then = p * : D*(M,p) — > /L*(M,p) becomes an isomorphism of complexes. 
The renormalized Bott-Chern form of an exact metrized n-cube T is defined as 

chf (T) = 0(ch„(^)) G ®/l 2p ^(M,p). 

p 

Then we have a homomorphism of complexes 

ch G5 : Za(M) -> ffi.A*(M,p)[2p]. 



Proposition 1.7. TTie Bott-Chern secondary characteristic class of £ defined in zs 
egua/ to — ch^ 5 (£) modulo Im c(a- 

Proof. For an exact metrized 1-cube £, we have 

2 



chf^fi)^- 1 ) 



(2 



— = chiffi)^- 1 '^ 1 ) 

TTV^T)^ 1 



(2tta 



/ choCtnAfi^xilog] 



ch^ 5 (tr!A£)^ p) log |^| 



which completes the proof. 



□ 



1.7. The case of arithmetic varieties. Let X be a proper arithmetic variety, that 
is, we assume that X is proper over Z. Let X(C) denote the compact complex manifold 
consisting of C- valued points on X and the complex conjugation on X(C). The real 
Deligne cohomology of X is defined as 



H%(X, 



H5(X(C),R(p)) 
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Hence if we set 

D n (X,p) = D n (X(C),pf^ =id , 

then we have an isomorphism 

H n CD*(X,p),dv) ^ H%(X,R(P))- 

A hermitian vector bundle on X is a pair E = (E, h) of a vector bundle E on X and an 
Foo-invariant hermitian metric h on the holomorphic vector bundle E(<C) on X(C). An exact 
metrized n-cube on X is an exact n-cube made of hermitian vector bundles on X. Since the 
Chern form ch (E) is in ©D 2p (X, p), the Bott-Chern form of an exact metrized n-cube is in 

©D2p-n(X,p). 
V 

Let y(X) be the category of hermitian vector bundles on X and S(X) the S'-construction 
of c y{X). Then we have a canonical isomorphism ir n+1 (\S(X)\) ~ K n (X). Let ZC*(X) = 
ZC*T(X). Then we can define a homomorphism of complexes 

ch : ZS*(X) ™ ZC.(X)[1] ©D*(X,p)[2p+ 1]. 

p 

If we set 

yL n (x,j9) = e Piri (2) n (x,p)) 

f yi n (X(C),p) F -=(- 1 ^ 1 , n < 2p, 
= I A 2p (X(C),p) F ™=(-V P , n = 2p, 
[o, n>2p, 

then we can also obtain a homomorphism of complexes 

ch G5 : Z&pO ^ ZC,(X)[1] ^ ©yi*(X,j9)[2p+ 1]. 



2. Modified homotopy groups 

2.1. Definition of modified homotopy groups. In this section we develop a general 
framework used later in this paper. Let / be the closed interval [0, 1] equipped with the 
usual CW-complex structure. Throughout this paper we identify the sphere S n with I n /dl n . 
Therefore S n consists of two cells as a CW-complex and any point of S n except the base 
point is expressed by n-tuple of real numbers (t±, ■ ■ ■ , t n ) with < ti < 1. 

Let T be a pointed CW-complex with the base point * e T. The n-th homotopy group of 
T is defined as the set of homotopy equivalence classes of pointed continuous maps S n — > T. 
However the cellular approximation theorem implies that continuous maps and homotopies 
can be replaced with cellular ones in the definition of homotopy groups. 

Let sk n (T) be the n-th skeleton of T when n > and sk_i(T) = {*}. For n > 
0, we set C n (T) = H n (sk n (T), sk„_i(T)), the n-th relative homology group of the pair 
(sk n (T), sk n _ 1 (T)). Let d : C n (T) — > C„_i(T) be the connecting homomorphism for the 
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triple (sk n (T), sk n _i(T), sk n _ 2 (T)). Then (C*(T),<9) is a homological complex whose homol- 
ogy groups are isomorphic to the reduced homology groups of T. 

Suppose that we have a homological complex of abelian groups (W*,£?) and a homomor- 
phism of complexes p : C*(T) — > W 7 *. Let W n = W n /Imc?. Let us consider a pair (f,w), 
where / : S n — > T is a pointed cellular map and G W n+ \. A cellular homotopy from 
one pair (/, a;) to another pair is a pointed cellular map H : S n x //{*} x 7 — > T 

satisfying the following: 

(1) 77(x, 0) = f(x) and 77(x, 1) = f'(x). 

(2) Let [5™ x 7] G C n+ i(S n x 7) denote the fundamental chain of 5" x 7, where the 
orientation on S" x I is inherited from the canonical orientation of the interval 7. 
Then we have 

<J-u = (-l) n+1 pH*([S n x 7]). 

It is shown that the cellular homotopy gives an equivalence relation on the set of pairs. Such 
two pairs are said to be homotopy equivalent. We denote by n n (T, p) the set of all homotopy 
equivalence classes of pairs. 

Let us define a multiplication on the set n n (T,p). Let T V T = {(x,y) G T x T;x = 
* or y = *} for a pointed CW-complex T. Then there is a natural map T V T — > T by 
(x, *) i— > x and (*, y) i— > y. A comultiplication map /i : 5" — > 5" V 5 n is defined as 



((*i,* 2 ,-- - ,2* w ),*), 0<t n <i, 
(*, *2, • • • ,2*„-l)), 



and a homotopy inverse map z/ : S n — > 5" by z/(t 1; • • • , t n _i, t n ) = • • • , i n _i, 1 — t n ). For 
two pointed cellular maps /, y : 5" — > T, a multiplication f * g is defined as 

f * g : S n S n \/ S n TVT^T 

and an inverse as 

y — 1 . (in cj*n <ji 

For two pairs (/, a;) and (g, r) where f,g:S n ^T are pointed cellular maps and u, r G W n+ \, 
a multiplication (/, cj) * r) is defined as 

l/» * (g,r) = (f*g,u + r). 

It is easy to show that the multiplication * is compatible with the homotopy equivalence 
relation of pairs. Hence it gives rise to a multiplication on 7T n (T,p), which is also denoted 
by *. 

We next verify the associativity of the multiplication *. For three pointed cellular maps 
f,g,h:S n ^T,& cellular homotopy 77i : S n x 7 /{*} x/^T from (/ * g) * h to / * (g * h) 
is given as follows: 

+ 4f n \ ri ^ i ^ u+1 

i l n—li u ^ L n _i 4 ; 

• • • , t n _i, t n , «) = <( • • • , t n _x, 4t n - U - 1), 2±i < t n < 2i±2, 

j ^n-l, 2— u >i 4 — n 
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Since the image of Hi is contained in sk n (T), we have (H 1 )*([S n x /]) = in C n+ i(T). Hence 
Hi becomes a cellular homotopy from ((f,uj) * (<7, t)) * (h : rj) to (f,uj) * ((<7, t) * (h,rj)) for 
any u,t,t) e W n+1 . 

Finally we show the existence of unit and inverse in 7r n (t,p) with respect to the multipli- 
cation *. Let : S n — > T be the map defined by 0(S n ) = *. For a pointed cellular map 
/ : S n — > T, a homotopy if 2 from / * to / is given as 



Hl{tl, ■ ■ ■ , t n -i,t n , u) — 



^ < C < 1. 



2 _^ "n 

A homotopy i7 3 from * / to / can be given similarly. Moreover, a homotopy ii/4 from 
/ * f^ 1 to is given as 

{f(ti, • • • , -jz^), < t n < ij^, 
*, V < tn < 

• • • , i*"^ 2 ) 5 ^ < *n < 1) 

and a homotopy if 5 from J" 1 * / to can be given similarly. These homotopies are all 
cellular and their images are contained in sk n (T). Hence (/, a;) * (0, 0) and (0, 0) * (/, a;) are 
homotopy equivalent to (f,u) and (f,co) * (f^ 1 ,—^) and — ui) * (/, uj) are homotopy 

equivalent to (0,0). 



Theorem 2.1. If n > 1, 7r n (T,p) is a group by the multiplication * and when n > 2, it 
becomes an abelian group. 

Proof. We have already shown that the multiplication 

[(/, w)] * [fo, t)] = [(/**, a; + t)] 

provides 7r„(T, p) with the structure of a group. For two pointed cellular maps / ', g : S n — > T , 
/ * g and c? * / are homotopy equivalent if n > 2 and a homotopy between them is given 
in every textbook of homotopy theory. Although it is too complicated to write it down, it 
is easy to see that the image of this homotopy is contained in sk n (T). Hence (/ * g, 0) is 
homotopy equivalent to (g * f, 0), therefore n n (T, p) is an abelian group if n > 2. □ 



Definition 2.2. The group 7? n (T, p) is called the n-th homotopy group of T modified by 
the homomorphism p. 



Let C : n n (T,p) -» rr n (T) denote the surjection obtained by forgetting elements of W n +i. 
Then we have the following: 



Theorem 2.3. There is an exact sequence 

vr n+1 (T) -A W n+1 A n n (T,p) i> n n (T) - 0, 
where the map p is defined as 

p : n n+1 (T) Hu ^ cz H n+1 {T) ^ H n+1 (W*) C W n+1 
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and the map a as 

a(uj) = [(0,u)]en n (T,p). 

Proof. The cellular approximation theorem implies Ima = Ker(. Hence we have only 
to prove Kera = Imp. For an element uj G W n+ i, the pair (0,u) is homotopy equivalent 
to (0,0) if and only if there is a cellular homotopy H : S n x I / {*} x / — > T from to 
such that (— l) n+1 pH*([S n x /]) = uj. Since H(S n x dl) — *, H induces a pointed cellular 
map H' : S n+1 — > T. Then uj is equal to the image of (— l) n+1 [H'] G 7r„ + i(T) by p, therefore 
we have Ker a C Im p. The opposite inclusion Imp C Ker a can be obtained by viewing a 
pointed cellular map S n+1 -^Tasa cellular homotopy between the collapsing map 0. □ 

2.2. A homomorphism from a modified homotopy group. For a pair (/, uj) as in 
the last subsection, p(f, uj) G W n is defined by 

P (f,uj) = pM[s n ]) + duj. 

Proposition 2.4. The above p(f,uj) gives rise to the homomorphism 

p : 7r„(T,p) -> VF n 

and Imp is contained in Ker(<9 : W n — > W n -i). 

Proof. Let us show that p(f, uj) is compatible with the homotopy equivalence relation. If 
H : S n x //{*} x I — > T is a cellular homotopy from (/, u;) to (f',uj'), then we have 

x /]) = - /.([£»])) 

in C n (T) and p#*([S n x /]) = (-l) n+1 (u/ - w). Hence we have 

p(fM=Pf*([S n ])+d" 

= Pfl([S n }) + (-l) n+1 dpH*([S n x /])) 
= p/;([5 B ])+9(a;'-a;)+a^ 
= p(/V). 

The inclusion Imp C Ker(d : W n — > and the claim that p is a homomorphism of 

groups are obvious. □ 

The exact sequence in Thm.2.3 implies the following corollaries: 

Corollary 2.5. There is an exact sequence 

vr n+1 (T) -A H n+1 (W*, d) A 7? n (T, p) ^ 7r n (T) © Ker 9 4 H n (W*, d) - 0, 
where Ker 9 = Ker(<9 : W n — > W n _i) and cZ is defined as cl(x,u) = p(x) — [uj]. 

Corollary 2.6. For n>\, let 

7T„(T,p) = Ker(p : n n (T,p) -> W n ). 
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Then there is a long exact sequence 

^ vr n+ i(T) A H n+1 (W*, d) A tt„(T, p) ^ vr„(T) A • • • . 

Proof. The exactness at 7r n (T, p)o and H n+ i(W*, d) has already been verified in Thm.2.3. 
For [(f,u)] G 7T n (T,p) , we have 

pc([{m\) = puis*]) = -[du\ = o. 

Conversely, if a pointed cellular map / : S n — > T satisfies p/*([>5 n ]) = <9cj for some a; G W n+ i, 
then [(/, — a;)] G n n (T,p) and £([(/, —u;)]) = [/] e K n (T). Hence the exactness at vr„(T) 
follows. □ 

2.3. A Functorial property of modified homotopy groups. Let T and T' be pointed 
CW-complexes. Let p : C*(T) — > and p' : C*(T") — > W 77 * be homomorphisms of com- 
plexes. Given a pointed cellular map ct : T — > T" and a homomorphism of complexes 
/? : W 7 * — > W 77 * that make the diagram 

C*(T) C*(T') 
p p' 

W 7 * — w 7 '* 

commutative, a homomorphism of modified homotopy groups 

(a,/3)* : 7r n (T,p) -> TC n (T',p') 

is defined by [(/»] ^ [(a/, /%))]. 

We can however define a homomorphism of modified homotopy groups under a weaker 
assumption than the strict commutativity of the diagram. We assume that the above diagram 
is commutative up to homotopy. In other words, we assume the existence of a homomorphism 

$ : C,(T) -> 

satisfying p'a* — (3p = d<& + $<9. 

Proposition 2.7. Under the above notations, we can define a homomorphism 

(a, (3, $)* : Tr n (T, p) > 7r n (T', p') 

by [(f,u>)] I— > [(af,/3(u) — $/*([<S" 1 ]))]. T/ws homomorphism enjoys the following functorial 
property: Let a : T — > T" and a' : T" — > T" fee pointed cellular maps and let (3 : W 7 * — * 
and /3' : W 7 * — ► W 7 " 6e homomorphisms of complexes. We assume that the squares 

C*(T) C,(T') C*(T") 

p p' P " 

W 7 * w* w\ 

are commutative up to homotopy and let <3> and $' 6e homotopies of these squares. Then we 
have 

(a', (¥, $')*(«, P,$), = (a'a,P'p,p'<f> + : 9 n (T,p) -> 7r„(T", p"). 
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Proof. Let /, /' : S n -> T be pointed cellular maps and J G W^+i. If H : S n x //{*} x 
7 — > T is a cellular homotopy from (f,uj) to then we have 

(-l) n+1 p'a*^([5 n x /]) = x /]) + (-l) n+1 d$#*([S" x /]) 

+ (-l) n+1 $d#*([S n x /]) 

= (P(u,')-$mS n }))-(P(u,)-<S>f*([S n })) 

modulo Im<9. This tells that the map aH : S n x I /{*} x I ^> T' is & cellular homotopy from 
(af,P(u)-$f*([S n })) to {af',(3{u')-<5>fi{[S n ])). Hence (a,/3,$). is well-defined. The last 
identity can be verified by an easy calculation. □ 

Proposition 2.8. Under the above notations, we have a commutative diagram 

7T n (T,p) — W n 

Proof. For a pointed cellular map / : S* n — ■> T, we have 
Hence we have 

A *).([(/, W )]) = */([(«/,/?(") - 

= //a.M[S n ]) + d(J3(u>)-*M[S n ])) 
= P(pf*([S n }) + du) 

which completes the proof. □ 



3. Definition of arithmetic K-groups 

3.1. Triviality of the Bott-Chern form of a degenerate n-cell. Let 21 be a small 

exact category and & n the n-th symmetric group. For a G & n and an exact n-cube T of 21, 
an exact n-cube oT is defined as 

\?3~)a,]_,— ,a„ — •^ r a CT (i),a CT (2).-'- ,a a ( n ) ' 

Lemma 3.1. For any E G S n %, we have 

Cub(so^) 
Cuh(s n E) 

and if 1 < i < n — 1, then we have 

Cuh(siE) 



= s^Cub(E), 
= 4 Cub(E) 

= Tj Cubfo-E), 
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where r% G & n is the transposition of i and i + 1 . 

Proof. To prove the lemma, we use the following identities, which is proved in Prop. 4. 5 
in @: For E G S n % it follows that 

dr 1 Cub(£) = 4_ 2 • ■ • s] Cub(d i+1 ■ • ■ d n E), 

<9°Cub(£) = Cub(diE), 

d] Cnb(E) = sr_\ . ■ ■ s- 1 Cub(<9 ■ ■ ■ d^E) 

for 1 < i < n — 1. The first identity of the lemma follows from 



df 1 Cub(s £) 



d? Cub(s £) 



s n-l 
b n-l 



s\Cub(d 2 ---d n+1 s E) 
s\ Cub(s <9i ■ • • d n E) 



0. 



and 



d\ Cub{s E) 
The second one follows from 

d- 1 Cub(s n E) -- 
d°Cub(s n E) -- 

and 

d*Cub( 8n E) -- 



-- Cub{d lSo E) = Cub(£) 

= Cub(d s E) = Cub(E). 

Cub(d n+1 s n E) = Cub(E), 
Cub(d n s n E) = Cub(E) 



'n-l 



s^ Cub(<9 • • • d n -is n E) 



= s„*i • • • s 1 1 Cub(s <9o • • • dn-xE) 
= 0. 

We turn to the last one. If 1 < % < n — 1, then we have 



dr l Gnb(siE) = s 



n— 1 



'n-l 



'n-l 



and 



s- Cub(d i+1 • • •9 n+ is i E) 
slCub(d i+1 ---d n E) 
s] +1 Cub(sid i+1 ■ --dnE) 

= 4-i ' ' ' s l+i Cub((9 i+2 • • ■ d n+1 SiE) 
= d^ l Cnb{s l E), 
<9° Cnb( Si E) = Cub(E) = d° i+1 Cub{ Si E) 

d] Cub( Si E) = sr\ ■ ■ ■ s^ 1 Cub(d ■ ■ ■ d^ lSi E) 

= s i-i ■■■ s i 1 Cub(s o o • • • di-iE) 
= s;\---s^ 1 s^Cnb(d ---d^ 1 E) 
= s' 1 ■ ■ ■ s^ 1 Cub(<9 ■ ■ • di-idiSiE) 
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= dl +1 Cub(s t E). 

The last identity follows from them. □ 

Let S n C ZC n 2l be the subgroup generated by exact n-cubes T such that t^JF = JF for 
some integer % satisfying 1 < % < n — 1. We set 

Cub n (2l) = ZC n K/(D n + S n ). 



Lemma 3.2. WehavedS n C S n -i. Hence Cub* (21) = (Cub n (2l), d) becomes a homological 
complex. 

Proof: Let T be an exact n-cube satisfying TjjF = JF. If A; < i, then c^JF = c^TjjF = 
Ti-\CP k T and if A; > i + 1, then <9^.F = cP k T~iT = Ticf k T . Furthermore, TjjF = JF implies 
c^JF = . Hence we have 

i 

k^i,i+l j=-l 

which completes the proof. □ 



Lemma 3.3. Let T be an exact metrized n-cube on a complex algebraic manifold M. For 
any a G & n , there is a canonical isometry of exact metrized n-cubes 

(j(AJF) ~ \(aF). 

Proof. It follows from the definition of A; that a(X i J 7 ) = A CT (j)(crjF). Therefore we have 

a{\T) = \ c (n) • • • A CT (i)(o-J r ). 

Hence it is sufficient to show the existence of a canonical isometry AjAj ~ AjAj. For simplicity, 
we prove it only in the case of n — 2. 

For an exact metrized 2-cube T = {E it j}, A2A1.F is given as follows: 



£_i_ie£i,-i9£-i,i9£i,i > E_ h0 ®E h0 ®E'_ 11 ®E' 11 > E'_ 11 ®E' 11 



E -i © E' 1 _ 1 © E QA © E[ A > Eo,o®E' lt0 ®E' 0il ®E' ltl > E' 01 © E' 11 

E[_ l ®E[ 1 ► E' 10 ®E[ 1 ► E[ 1 , 
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where E^ - is the same vector bundle as Eij equipped with the metric induced from E 0>0 . On 
the other hand, A^-T 7 is given as follows: 

£_i _i © © W~i © EhJ > £_i, © E'_ 1A © £^ © E[^ > ®^^~L 



£o,-l © #0,1 © _i © i ► £ ,o © E' j © E( © x 



#0,1 ©#1,1 



#1,-1 ©#1,1 



#1,0 © #1,1 



i.i- 



Hence an isometry A 2 AiJF ~ A 1 A 2 ^ r is given by appropriate permutations of direct 
summands. □ 



Theorem 3.4. The Bott-Chern form of a degenerate element of S n (M) is zero. 

Proof. For an integer i satisfying 1 < % < n — 1, let : (P 1 )™ — > (P 1 )™ denote the 
involution interchanging the z-th and the (i + l)-th component. Then by Prop. 2.1 in 
and Lem.3.3, there is an isometry 

t* tr n (A.F) = tv n (\TiJ-). 

Furthermore, it follows from the definition of T n that t*T n = —T n . Hence if TiT = J 7 , then 
we have 

ch n (^) = f ch (tr n (A^)) A T n 

= / t*(ch (tr„,(A^)) AT n ) 
J(¥ 1 ) n 

= - / ch (tr n (A^)) A T n 
J(r 1 ) n 

= -ch n (T), 

therefore ch n (^ r ) = 0. 

By Lem.3.1, the cube Cub(E) associated with a degenerate element E e S n (X) is either 
a degenerate cube or a cube satisfying r^jF = T for some 1 < i < n — 2. Hence it follows 
from the above calculation and Prop. 1.3 that ch n _i(E) =0. □ 

For a compact complex algebraic manifold M, let Cub*(M) = Cub*(CP(M)). We set 

D n {M) = ®D 2p - n (M,p). 
v 

Then (D*(M), do) becomes a homological complex. It follows from Thm.3.4 that the higher 
Bott-Chern forms induce a homomorphism 

ch : Cub*(M) D»(M). 
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3.2. Definition of higher arithmetic A"-theory. In this subsection we give the defi- 
nition of higher arithmetic ^-theory. Let X be a proper arithmetic variety and A n (X) = 

(BA 2p ~ n (X,p). Then (A*(X),dj{) is a homological complex and Thm.3.4 yields the homo- 

v 

morphism 

ch G5 : C,(\S(X)\) ^ Cub*(X)[l] 
where Cub*(X) = Cub*(T(X)). 

Definition 3.5. The n-th arithmetic K-group K n (X) of a proper arithmetic variety X 
is defined as the (n + l)-th homotopy group of \S(X)\ modified by the renormalized higher 
Bott-Chern forms, that is, 

K n (X) = n n+1 (\S(X)\,ch GS ). 

By Thm.2.3, we have the following: 

Theorem 3.6. There is an exact sequence 

K n+1 (X) A A n+1 (X) -> K n (X) -> K n (X) -> 0, 

where A n+ \(X) = A n+ \(X) / Imdji and p is the Beilinson's regulator map up to a constant 
multiple. 

The 0-th arithmetic A"-group has already been given by Gillet and Soule in a different 
way |10[ . They indeed defined it as the factor group of the free abelian group generated 
by (E,uj), where E is a hermitian vector bundle on X and uj G A\(X), by the subgroup 
generated by 

(F, u) + (E 77 , u') -(E,u + <J- chf 5 (£)) 
for all short exact sequences £ : — > E' — > E — > A" — > 0. In this paper, we denote this 
factor group by %o(X). We denote by [(E, u)] the element of % (X) determined by a pair 
(EM- 

Theorem 3.7. There is a canonical isomorphism 

a : % {X) ~ 7fi(|5(X)|, ch G5 ) = K (X). 

Proof. This is an analogue of the fact that the Grothendieck group of a small exact 
category is isomorphic to the fundamental group of its S'-construction. Since S\(X) is 
the set of all hermitian vector bundles on X and Sq(X) = {*}, a pointed simplicial loop 
l-£ : S 1 —>■ \S(X)\ can be associated with a hermitian vector bundle E on X. Moreover, any 
short exact sequence £ : — > E' — ► E — ► E" — > gives a 2-simplex Ag in S'(X) whose faces 
are doAg = -E", <9iAg = E and c^Ag = -E'. If we regard Ag as a cellular homotopy from 
* /^77 to %, then the Bott-Chern form of this homotopy is ch G5 (£). Hence we have 

[(^*^0)] = [(%,chf 5 (£))] 
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m 7Ti (|S(X)|,ch^). This tells that (E,u) i-> (%, -u) gives rise to the homomorphism of 
groups 

a : % (X) - t?i(|£(X)|, ch G5 ) = £ (X). 
Consider the following commutative diagram: 

#i(X) — ^(X) — X (X) ► X (X) ► 



-id 



-id 



id 



Xi(X) 



A(X) 



0. 



The upper sequence is exact by Thm.6.2 in [|L(| and the lower one is exact by Thm.3.6. 
Hence a is bijective by the five lemma. □ 

The Bott-Chern form of a pointed cellular map / : S n+1 — > |S(X)| is defined as 

chf (f) = ch GS (M[S n+1 ]))EA n (X), 

where [S n+1 ] G C n+ i(S n+1 ) is the fundamental chain of S n+1 . The Bott-Chern form ch^(iJ) 
of a cellular homotopy H : S n+1 x //{*} x / — > ^(X)! can be defined in the same way. 



Let 



ch^ 5 :X n (X)^yi n (X) 



be the map defined in §2.2. That is to say, ch n is defined as 

chJ s ([(/,a;)]) = ch? 5 (/)-d^. 

Let us call it the Chern form map. Applying Cor. 2. 5 and Cor. 2. 6 to the present situation, 
we have the following corollaries: 



Corollary 3.8. There is an exact sequence 



K n+l {X) A H n+1 (A*(X),d A ) - K n (X) 
where cl is defined as cl(x,u>) = p(x) — [&]. 



(C,ch^) 



K n {X) © Kerc^ A H n (A*(X),d 



A 



Corollary 3.9. We define a subgroup KM n (X) C K n (X) by the kernel of the Chern form 
map, that is, 

KM n (X) = Ker (ch^ 5 : K n (X) -> A n (X)^ . 
Then there is a long exact sequence 

> K n+1 (X) A ®H 2p ~ n -\A*(X,p),d A ) - KM n (X) - K n (X) -> • ■ ■ . 

p 

Cor. 3. 9 tells that the group KM*(X), which is supposed to be the homotopy groups of the 
homotopy fiber of the regulator map, can be defined in terms of modified homotopy groups 
developed in the last section. 
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We finish this subsection by defining a pull back morphism. Let cp : X — * Y be a morphism 
of proper arithmetic varieties. Then there is a commutative diagram 

c.{\s(y)\) >u(y)[i] 



tf,(|3(X)|) ^ A(X)[1]. 

Hence a homomorphism 

: £ n (Y) -> £ n (X) 

is defined by <p*([(f, oo)]) = {{<£* f, ( P*^)]- In the case of n — 0, the isomorphism a in Thm.3.7 



identifies the above (p* with the pull back morphism on % (X) defined in [HJ. It is obvious 
that the pull back morphism (p* commutes with the Chern form map ch^ 5 . 

3.3. Arakelov A'-theory. Let M be a compact algebraic Kahler manifold and Hm a 
Kahler metric on M. Let 'H^(M) be the space of real harmonic forms on M with respect to 
h M and "K p,q (M) the space of harmonic forms of type (p, q). We set 

{ •Kl-\M){p - 1) n © ^'(M), n < 2p, 

\ p'<p,q'<p 

[ ti${M){p) n J{ p ' p (M), n = 2p. 

The short exact sequence 

^ F p H n -\M, C) -> H n -\M, R(p - 1)) -> #£(M, R(p)) -> 
for n < 2p and the short exact sequence 

-> F^(M, R(p)) -> F p H 2p (M, C) -> # 2p (M, R(p - 1)) 
yield the isomorphism 

fl5(M,R(p))~5£S(M,p) 

for n < 2p. Let "K^M, p) denote the image of !K^,(M, p) by the renormalization operator 
0. In other words, < KV D {M ) p) (resp. JC^(M,p)) is the space of harmonic forms in T) n (M,p) 
(resp. A n (M,p)). ' 

Let us return to the arithmetic situation. An Arakelov variety is a pair X = (X, hx) of 
an arithmetic variety X and an i^-invariant Kahler metric hx on X(C). We now assume 
that X is proper over Z. Let J{ n (X) denote the space of harmonic forms with respect to hx 
in A n (X), that is, 



"K n (X) 



p 



x 2 r n (x(c),py~=^ p -\ n>i, 

^(X(C),p) F -=(- 1 ) P , n = 0. 



Then there is an isomorphism i7 n (v4*(X), d^q.) ~ !K„(X) and this yields the following: 
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Proposition 3.10. there is an orthogonal decomposition 

Ker d A = Im d A © Ji n (X) 

in A n (X). 



Definition 3.11. The subgroup (ch^ 5 )" 1 {Ji n {X)) of K n (X) is denoted by K n (X) and 
called the n-th Arakelov K -group of X = (X, hx)- 



Theorem 3.12. There is an exact sequence 

K n+1 (X) -> ®H 2p - n - 1 (A*(X,p),d A ) -> K n (X) -> K n (X) -> 0. 
p 

Proof: This exact sequence can be deduced from the fact that [(0, u;)] G if n pT) if and 
only if d A uj = 0, which follows from Prop. 3. 10. □ 

Kunnemann has constructed a section of the inclusion from the Arakelov Chow group to 



the arithmetic Chow group in We now adapt his method to the inclusion 

K n (X) ^ K n {X) to get a section of it. Let "K : A n (X) — > "K n {X) be the orthogonal 
projection with respect to the L 2 -inner product. Let (/, uS) be a pair of a pointed cellular 
map / : S n+1 — > \S(X)\ and uj G A n+ i(X). Then we can take uj$ G A n+ i(X) such that 
ch^ 5 (/) — d A u$ is harmonic and 0-C(uj$) = !K(u). Existence and uniqueness of uj$ follow from 
Prop.3.10. 

If (f,u) is homotopy equivalent to (/', uj'), then we have 

ch% s (f') - d A {J -ut-u) = ch« s (/) - d A uJ t 

and !K(oj' — uj$ — uj) = jK(lo'). Hence uj'^ = uj' — uj$ — uj, therefore (/, uj^) is homotopy equivalent 
to (/', cjJ). Hence we can define a section of the inclusion 

a : K n {X) -> K n (X) 
by cr([(/, a;)]) = [(/, cjj)]. The map cr is called the harmonic projection of K n (X). 

4. A PRODUCT FORMULA FOR HIGHER BOTT-CHERN FORMS 

4.1. A product formula. We begin this section by recalling the multiplicative structure 
on T) n (X, p) fH . Let M be a compact complex algebraic manifold. A homomorphism 

• : D n (M, p) ® 2) m (M, g) -> 2) m+ "(M, p + g) 

is defined as 

x • y = (-l) n (ax( p - 1 ' n ^ - dx (n - p ' p - 1) ) Ay + xA (dy {q ~ 1;m ~ q) - dy {m - q ' q ~ 1) ) 

if n < 2p and m < 2q and x • y = x A y if n = 2p or m = 2q. Here x^ a '^' is the («,/?)- 
component of the form x. Then it satisfies dx>(x • y) = d<z>x • y + (— l) n x • d<r>y and x • y = 
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(— l) nm y • x. Moreover, it induces the product in the real Deligne cohomology, which is 
defined in 0. 

The higher Bott-Chern forms are not compatible with products, that is, ch n+m (^ r ® Q) is 
not equal to ch n (jF) • ch. m {Q) for an exact metrized n-cube JF and an exact metrized m-cube 
Q. But since the higher Chern character K n (M) — > H^~ n (M,p) respects the products, it is 
quite natural to expect that the difference ch n+m (jF <g> Q) — ch n (jF) • ch m (C/) is expressed in 
terms of exact forms. 

Let us define another operation on T) n (M, p). For integers % and j satisfying 1 < i < n 
and 1 < j < m, we set 

i-l 

n,m _ n(n+m\-^ \ r fn+m~i~j+l\ 

a i,j — 1 z { n ) 2.^1 V n-a )\ a ) ' 

o=0 

where g) = ^g^. When b < or a < b, m is assumed to be zero. 



t /< -i TjT" 7. n,m n,m j n,m m,n 

Lemma 4.1. KKe nave a 4 '• = — a n L i+1 m _,- +1 ana a 4 '• = — . 
Proof. Let us recall the following formula on binomial coefficients: 



^ ; (a— a) (a) ( a ) ' 



o=0 

Then we have 

i-l 



n,m , n,m _ r, _ rj/ri+mN"- 1 \ r fn+m— i— 

a i,j "I" "n-i+l.m-j+l - z z l „ J V n-a H a J 

a=0 



a=0 
n 



a=0 

0. 



As for the second equality, we have 



i-i 

m,n _ 1 _ n/n+m-i-l (m+n-j-i+l\ 
U j,i ~ l ^\ m ! / j \ m-a I V a ) 
o=0 
m 

i 2('™+«A~ 1 \ ^ /"m+n— j— i+l\ fj-H— 1\ 

\ m / / j \ m—a I \ a I 
a=j 
m 

-_ 1 I r,M+m\-l \^ (m+n-j-i+l\ ( \ 

<~ \ m I / j \n-j-i+l+a) \i+i-l-a/' 
a=j 
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If we put (3 = i+ j — 1 — a, then 



i-1 



= - 1 + 2 ( n tr 1 E rr-7' +1 ) (T 1 ) 

/3=0 



which completes the proof. □ 
For x E D 2p - n (M,p) and y E T> 2q -' m (M, q) with n, m > 1, x A y is defined as 

\<i<n 
l<j<m 

If n = or m = 0, then i A ?/ is defined to be zero. The first claim of Lem.4.1 implies that 
x A y is in < D 2 ^ p+q ^~ n ~ m ~ 1 (M,p + q) and the second claim implies x A y = (_i) nm + n + m y /\ x . 



Theorem 4.2. //JF is an exact metrized n-cube on M and Q is an exact metrized m-cube 
on M , then we have 

ch n+m {f®G) ~ ch n (^) • ch m (£) = (-l) n+1 ^(ch„(^) A ch m (£)) 
+ (-l^ch^aF) A ch m (£) - ch n (^) A ch m _i(00). 



4.2. Proof of Thm.4.2. Let us first prepare some notations. For differential forms 
, u n on M, let (ui, ■ ■ ■ ^u n Y a '^ be the (a, /5)-component of dui A • ■ ■ A du n . When 
Ui is a (j9i,pi)-form, let 

( Ml ,---, Mri )«=^( Ml ,---, M „)^ p+ ^ 

v 

and 

n 

S;(«i, • • • , u n ) = (i - l)!(n - i)! ^(-l) a+1 u a (ui, • • • , 5£, • • • , O^ 1 ). 

a=l 

Then S£(ui, • • • ,u n ) £ T> n (M) if«; E X>i(M). We note that 5* (log |^i| 2 , • • • , log |^„| 2 ) is the 
same form as S n defined in §1.5. 



Lemma 4.3. If Ui is a (pi,pi)-form on M, then we have 
dS n (u ir -- ,u n ) =i\(n-i)\(u ir -- ,u n ) (i) 



n 



+ (n-i) ^(-lydduaS^iv,!, ■■■ ,u a ,--- ,u n ) 

a=l 

and 

dS n ( Ul , ■ ■ ■ , u n ) = (i - l)!(n - % + l)!(«i, • • • , u n f-V 



1) ^(-l^ddUaS^iu!, ■ ■ ■ , U a , ■ ■ ■ , Un). 



a=l 
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Proof. We have 

n 

dS l n ( Ul , ■ ■ • , u n ) = (i - l)!(n - i)\ J2(-l) a+1 d (u a ( Ul , ■ ■ ■ ■ ■ ■ u n f^) 

a=l 

n 

= (i- l)!(n - i)\ Y^(-l) a+1 du a (. ■ ■ vT a ■ ■ ■ 

a=l 

+ (i ~ l)!(n - »)! E(-1) Q+ V I ^(-l)^ 1 ^^- ■ • up ■ ■ ■ u~ a ■ ■ ■ 

a=l \/3<a 

+ 2(- 1 ) /J " 1 ^(---^-"^-") (i " 1) 

a</3 

n / 

= i\{n - *)!(«!,■ • • , «n) (i) + (» - l)!(n - i)! £(-1)^/3 £ ■ ■ ^ 

/9=1 \Q</3 

+ 2(-l) a « a (---t^---t^---) (i - 1) 

n 

= i!(n-i)!(ui,-- - ,u n ) w + (n - i) ^-l^ddix/j^^ui, ' ' ' ^ • ' ' .^n)- 

/3=1 

The second identity can be proved in a similar way. 

Lemma 4.4. For (pi,Pi) -forms Ui and (q 3 - , g-,) -forms Vj, we have 

nk , \ \^ (k - l)\(n + m - k)\ ■ 

S n +m{ui, ■■■ ,u n ,v ir -- ,v m ) = — (n-i)\(i _ i)l — S ^ Uu ' ' ' ' Un > A ^' 

+ E (m _ j)!(j _ 1)! K • • • . 5) 5 ™K •••.«»)■ 

Hence we have 

n+m 



k=l 



(n-i)\(i - 1)! 



l<i<n 
0<l<m 



l<j<m 

Proo/ We have 



(k - l)!(n + m-k)\ ■ ■ ■ u a ■ ■ ■ u n ,wi, ■ ■ ■ ,u m ) (fc " 



i) 



0=1 



+ (-l)"(A:-l)!(n + m-A:)!^(-l)' 3+1 ^(n 1 ,-- - , u n , Vl , ■ ■ ■ vp ■ ■ ■ ,v m )^ 

(3=1 

n / k 

= ( k - l)!(n + m - k)\ J2(-l) a+1 u a ■ • • t£ ■ ■ ■ u^" 1 ) A («i, ■ • • , ^ m ) (fe ' 



0=1 



,i=l 



+ (-l) n (k - l)!(n + m - fc)! ^(-lf +1 W/3 ^T(u u • • • , u n )M A ( Vl , ■ ■ ■ vp- 



(3=1 



J =1 



= E Vff^' ^" 1 ' ■ ■ ■ . «n) A («!,-.. , 



i=l 



which completes the proof. 

If we assume that and i>j are in Di(M), then by Lem.4.3 we have 



.i=l j=l 

- e (-irxr^K'-'-'^A^K,---^) 



l<i<n 
l<j<m 



+ (-1)" E (-l) i+j <f^ir--,^)A^>ir--^) 



l<i<n 
l<j<m 
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= " E (-l)^(n - i)!«f - aZKjXm, ■ ■ ■ ,u n )^ A S'Jvi, • • 

0<i<n 
l<j'<m 

- (-l) i+J '((n-0aS" + <D 



l<j<n-l 
l<j<m 



+ (" 



n i 

J^(-l) a 99u al S^_ 1 (ui, • • • , • • • , tin) A S 3 m (vi, ■■■ ,v m ) 

\a=l / 

i) n E (-i)*''^m-:0K<r^ 

Kt<n 



l<j<n 
0<J<m 



+ (-ir E (-i)^"((^-iKT+K"i) 

1 <-■;<- ^ 



l<i<n 
\<j<m-l 



X 



' m 
S 1 „{U1, ■ • ■ , U n ) A ^(-l)^^^^!^!, • • • , U0, • • • , V m ) 

\ 13=1 

Let us compute the coefficients of the above expression. Since ( n+m ~^~ : ' +1 ) = {^ +m ~ l ~ 

and = (^r 1 ) + , we h ave 

i-l 

n,m _ i _ Q^n+m^- 1 (n+m-i-j+l\ 
a i+l,j - 1 Z l „ ^ V n-a )\ a ) 

-i+2(?) _1 E(Tr)ra 



for 1 < % < n — 1 and 



i-l 

n,m n,m -i n/n+m'i _ l \ r (n+rn— i— 

a i,j ~ a i,j+l - 1 ~ Z I „ ) 2^1 \ n~a )\ a ) 

a=0 



a=0 

2 /n+m\ — 1 ^n+ra— i— j'\ 1^ 
2 ^n+m^ ~1 ^n+ra— i— ^j+j— 1^ 



for 1 < j ' < m — 1. It follows from the definition of a™ - '" 1 and Lem.4.1 that 



1,3 

n m = 1 _ 2 / n +m\-l/n+m-j\ 
1 J V n / V n / ' 



n,m = _ x + 2 /n+myl <n+ m -i\ 

a^ = l-2( n+m )" 1 ( m+l - 1 ). 



By Lem.A.l, we have 

(n - *Kf + ™Ti, 

2 err 1 ( - o E rrr +1 ) rr 1 ) + < E rrr) 



-J 

i-1 



= n 



a=0 a=0 

i-1 



= * - 2-rrrr 1 E ( n rr-7) rr 1 ) 



0=0 



n— l.m 



and 



/ -\ n,m 1 ■ n,m 

(m-j)a^ +ja it ' j+1 

= m - 2 («rr 1 ( (m - j) e rrr +1 ) rr 1 ) + * E rrr) er) 



i-1 i-1 



a=0 o=0 

i-1 

n+m— 1\ ~* 



— 2mf n+m_1N ) fn+m-i-j\ 



m 

\ 11 / 

Q = 

n,m— 1 

ma,'- . 



These computations imply that 

(n n 
i=i i=i 

=-2( n r) _1 E (-i^Kn-oK^r^rr 1 )^!.--- .«n) w Afc- ,«*,) 

0<i<ra 
l<j<m 

-n (-l) i+J a£ 1,m E(-^ 

l<i<n— 1 a=l 
l<j'< m 

_ 2( _ ir( n+ m) -i ^ (-lj^i^-jiir::^)^.- 1 )^^,.. a( V1 ,... 

l<i<n 
0<i<m 

m 

+ (-l)»m (-l)^T" 1 ^(«i'"-^) A E(- 1 )^^i(^"-.^" 

l<i<ra (3=1 
l<j<m-l 
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+ E ,«n) (0) ASiiv!,--- ,V m ) 

l<j<m 

+ E (-l) n+ M«l, •■■,«n) (n) A 

l<j<m 



+ £ (-l)^ m !S» n ( Ul ,.. ,OaK--- ,^ m )( m ) 

l<j<n 

-2( n r) _1 e (-ir +i (n+ ^^r i)! (^r-- ,^Afe- 



0<i<n 
l<jr<m 

n 

-n e (- i r +3 < J :1,m E(- 1 ) ^ u « s -i( Mi ' - ,«n)A^( V i,-- - ,o 

l<j<n— 1 a=l 
l<j<m 

_ 2( _ ir( n r) -l £ (-^ (n+m-t -ff+f- 1 )' ^^,... >Ub ) A fox,- 
l<i<n 

o<i<™ 

+ (-i)»m E (-ir +J '<; m_1 ^(«i,--- ^lA^-i^tiK- 

l<j<n /3=1 
l<j<m-l 

+ E ,«„) + (-i) n ^(«i,--- ,o) as^k--- , Um ) 

l<jr'<m 

+ E (-i) n+i s;(«i,--- ,«n)A(a^(t;i,--- , Vm ) + (-iras£(«i,--- ,0). 

l<i<n 

Applying Lem.4.4 to the above, we have the following. 
Proposition 4.5. For Ui G Di(M) and Vj G X>i(M) ; we /jave 



\i=i j=i 

n+m 

k=i 

n 

-n E (-l) i+J a?j 1,m E(-l) a ^^-i(«i,"- ,*W" ,«n)A^(«i,---, Vm ) 

l<i<n— 1 a=l 
l<j<m 

m 

+ (-i)»m e (-ir^f-^m,--- ,«„)A3-i)%ti(«i,- 

l<j<n /3=1 
l<j'<m— 1 
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n \ I m 



+ (-ir yj-iys^uu--- , Un) . m-i^k--- 



,1=1 ) \j=l 



Let us return to the proof of Thm.4.2. We may assume that JF and Q are emi-cubes. For 
s < t, let TT\ : (P 1 )* — > (P 1 )* denote the projection defined by (x 1: ■ ■ ■ ,x t ) h- ► (x 1: ■ ■ ■ ,x s ) 
and let n 2 : (P 1 )* — > (P 1 ) 5 denote the projection defined by (x± : ■ ■ ■ ,x t ) i— > (x t _ s+ i, • • • , x t ). 
Then by Prop. 4. 5 we have 



cb(ch n (.F) a ch m (g)) 

_ (_l)»+m 



4n!m!(27r v /r T) n +" 



„ / n m \ 

/ Trlcho(tr^) A^ch (trC?) Arf, (^(-l)V^) A £>1)% 2 *S4) 



n+m 



+ 4,„-l)L- 1 ,r:^,- t - / pl) „ + ,„_, *»<"'(^ ® 6)) A ^ (-!)«<:"■«, A .|Sj, 

l<j<m 

( ^I)n +m - 1 / ch (tr(^^)) A £ (-ir^a-rM^Avr*^^ 

l<?<m-l 



„ / n m 

= ch n+m (JP + ch n _x(a^) A ch m (g) 

+ ch n (^) a ch m (ag) + (-if ch n (jp) . ch m (g), 

which completes the proof. □ 

4.3. Renormalization. In this subsection we renormalize the identity in Thm.4.2. Let 
us define 

• :A n {M,p) x A m {M,q) -> A n+rn {M,p + q) 



as 



if n < 2p, m < 2q and x • y = x A y if n = 2p or m = 2q. Then it follows that 

e(x» y ) = e(x)«e(y) 

for x G D n (M,p) and y G 2) m (M, g), where 6 : D*(M, *) -> /l*(M, *) is the renormalization 
operator defined in §1.6. 
For n, m > 1 let us define 

A: A 2p ~ n (M,p) x A 2q ~ m (M, q) -> ^l 2p+29 - n - m - 1 (M,p + g) 
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by 



x A y = 1 —= V a n,rn x (p-n+i-l,p-i) A ( q -m+j-l, q -j)_ 



l<i<n 
l<j<m 

If n = or m = 0, then x A y is defined to be zero. Then it follows that 

<d(x A y) = e(x) A 0(y) 

for a; G T> 2p ~ n (M,p) and £/ G T> 2q ~ m (M,q). Then we can rewrite the product formula as 
follows: 

Proposition 4.6. If T is an exact metrized n-cube on M and Q is an exact metrized 
m-cube on M , then we have 

ch^ m (^ ® 0) - chfiT) . ch^(£) = (-lr+^chf (^) A ch G J{Q)) 

+ (-l) n ch^(^) A ch^(S) - chf (.F) A ch^dS). 



5. Product 

5.1. Notations on bisimplicial sets. A bisimplicial set is a contravariant functor from 
the category of pairs of finite ordered sets to the category of sets. The product S x T and 
the reduced product S A T of two simplicial sets S 1 , T are examples of bisimplicial sets. For 
a bisimplicial set S, let SVi,™ = 5*([n], [m]). The topological realization of a bisimplicial set 
S* is defined as 

|S1 = Y[S nm x A™ x A™/ ~, 

where the relation ~ is given in a similar way to the case of a simplicial set. Then \S\ is a 
CW-complex such that the set of fc-cells of \S\ can be identified with the set of nondegenerate 
elements of JJ S n ^ m . 

n+m=k 

For a bisimplicial set S, [n] \— > S n>n becomes a simplicial set. It is denoted by A(S) and 
called the diagonal simplicial set of S. The topological realization (A^)! is homeomorphic 
to \S\ and |A(5)| becomes a subdivision of |5| as CW-complexes. Hence the identity map 
\S\ — > \ A(S)\ is cellular, although the inverse is not. 

5.2. Product in higher A'-theory. In this subsection we review the product in higher 



algebraic i^-theory by means of S"-construction [16fl . For a small exact category 21, let S n S m %l 
be the set of functors 

E : Ar[n] x Ar[m] -> 21, {i<j,a<(3)^ E {i)j)x{a>p) 

satisfying the following conditions: 

(1) E(i,i)x(a,p) — and -E(ij) X (a,a) = 0. 

(2) For any i <j < k and a < f3, £(ij) x (a )( 3) -> E(i >k ) X {a,p) -» #y,fc)x (<*,/?) is a short exact 
sequence of 21. 
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(3) For any % < j and a < (3 < 7, %j) x (a^) -> E{ij)x{a,i) -> E (i,j)x(p,j) is a short exact 
sequence of 21. 

Then ([n], [m]) 1— > 5„5 m 2l is a bisimplicial set, which is denoted by 5^21. The natural 
identification 5i5 n j2l = 5 m 2l yields a morphism of bisimplicial sets 

5 1 A 52t -> 5 (2) 2l, 

and its adjoint map 15211 — > fi|5^9l| turns out to be a homotopy equivalence. 
When 21 is equipped with a tensor product, a morphism of bisimplicial sets 

m : 521 A 5*21 — > 5 (2) 2l 

is defined by m(£', •^(i.jjx (<*,/?) = ® -^a,/?- This induces a pairing 

m* : 7r n+1 (|52l|) x 7r m+1 (|52l|) - vr„ +m+2 (|5( 2 )2t|). 

Combining this pairing with the isomorphisms if n (2l) — 7r n+ i(|59l|) ~ 7r n +2(| 5^211) yields 
the product in higher algebraic if -theory if* (91). 

5.3. G-construction. In [||, Gillet and Grayson constructed a simplicial set G21 associated 
with a small exact category 21 that is homotopy equivalent to the loop space of the 5- 
construction 521. In this subsection we recall their construction. 

Let G„2l be the set of pairs (E + ,E~) of E + ,E~ G 5„ +1 2l with d E + = d E~ . Let us 
define the boundary maps : G n 2l — > G n _i2l by (E + ,E~) \— > (dk+iE + , dk+iE~) and the 
degeneracy maps s fc : G n 2l -> G n+ i2l by (E + , E~) i-> (s fc+ i£ + , s fc+ i£~). Then (G*2t, <9 fe , s fc ) 
becomes a simplicial set. We fix = (0, 0) G Go2l as the base point of G21. 

Let ik denote the element of A[l] n = Hom([n], [1]) defined as 

tfc(i) = 

Then A[l] n = {l , ti, ■ ■ ■ , i n +i}- Let 

^:A[l]„xG n 2l^5 n 9l 

be maps defined as 




xt(ik,(E + ,E-)) 



d E ± , k = 0, 

(s ) k ' 1 (d 1 ) k E ± , k > 1. 



Then ^ = {Xn} : A(A[1] x G2t) — >■ 521 are morphisms of simplicial sets such that 
X ± ({0} x G2t) = * and x + I{i}xg» = X~\{i}xGfH- 

Let T 1 be a simplicial set given by the following cocartesian square: 

,A[1] 

{0}U{1}C^ J^T 1 . 
^A[l]^ 

We fix the image of {0} G A[l] as the base point of T 1 . Since the topological realization 
of A[l] is the unit interval I = [0,1], the topological realization of T 1 is the barycentric 
subdivision of the circle 5 1 = I/dl. 
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Theorem 5.1. By gluing the morphisms x ± > we obtain a morphism of simplicial sets 

X : A(T X A G2t) -> SQl. 

The adjoint map |G?2t| — > fi|S'2l| to |x| is homotopy equivalent. Therefore we have an iso- 
morphism 

7r f (|G2l|,0)~ Ki(fS). 

We next introduce a description of the product in fT-theory by means of G-construction, 
which is also given in ||. Let 

G n G m % = {(E ++ ,E + -,E- + ,E-);E ±± G S n+1 S m+1 Ql, d E +± = d E- ± ,d( i E ±+ = ^E^}, 

where do is the boundary map on the first factor of the bisimplicial set S^Sl and d' is 
the boundary map on the second factor of 5^21. Then ([n], [to]) i— > G n G m %l becomes a 
bisimplicial set, which is denoted by G^%1. Let R : G n 2l — > GoCnSl be the morphism 
defined by R(E + , E~) = (E + , E~ , 0, 0). Then it is shown in that i? induces a homotopy 
equivalent morphism i? : G21 — > Therefore we have an isomorphism 

7r n (|G( 2 )2l|) ~ K n {%). 

A morphism of bisimplicial sets 

m G : G21 A GQi — > G (2) 2l 

is defined by m G (E, F)^ = E ± ® F ± for E = (E+, E~) G G n % and F = (F+ F~) G G m 2l. 
Then the pairing 

m G : 7r n (|G2l|) x 7r m (|GSl|) - 7r n+m (|G( 2 )2l|) 

induces a product in i£*(2l), which agrees with the one defined by using the ^-construction. 

Finally, let us define a cube associated with an element of G21 or G^%1. The morphism 
X '■ AiT 1 A G21) — > 521 in Thm.5.1 yields a morphism of complexes 

Cub : C*(|G2l|) a(|^2t|)[-l] ^ Cub, (SI). 

The cube Cub(-E) associated with E = (E + ,E~) G G„2l is defined as the image by Cub of 
the element of C*(|G2t|) represented by E. Since x*{[E}) = [E + ] - [E~\ in C n+1 (|S2t|), we 
have 

Cub(E) = Cub(£+) - Cub(S-). 
Let us define the cube associated with E = (-E ±=t ) G G n G m ^l as 

Cub(E) = Cub(£++) - Cub(£ + -) - Cub(£- + ) + Cuh(E-), 
where Cub(-E ±=t ) is the image of the element of E ±i: G S n+ iS m+ i$l by the homomorphism 
S n+1 S m+1 % -> Cub n (S m+1 2l) -> Cub n (Cub m (2l)) = Cub n+m (2l). 

If i? = (-E ±=t ) is degenerate, then we can show in the same way as the proof of Lem.3.1 that 
the cube Cub(-E ±=t ) associated with E is zero in Cub n+m (2l). Hence E = (-E' ±± ) i— > Cub(.E) 
induces a homomorphism of complexes 

Cub : a(|G (2) 2l|) -> Cub*(2l). 
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Proposition 5.2. We have the following commutative diagram: 

C.(\G®L\)®C.(\G%\) Cub0Cub . Cub*(2t)®Cub,(2l) 



C*(\GM%\) 

R, 

C*{\G%\) 



Cub 



Cub, (21) 



id 



Cub 



Cub, (21). 



5.4. The pairing X x K n — > For a proper arithmetic variety X, let be the 

category of hermitian vector bundles on X and G(X) = G(J > (X)) its G-construction. Then 
there is a homomorphism of complexes 



ch G5 : C,(|G(X)|) ^ CuK(X) c ^ A.(X). 



Cub 



h GS 



Proposition 5.3. The morphism of simplicial sets x '■ A(T* A G(X)) — > S(X) yields an 
isomorphism 

Z ^ n (\G(X)\,ch GS ) ^n n+1 (\S(X)\,ch GS ) 
by [(f,cu)] I— > [(x(l A /), — o>)]. Hence there is a canonical isomorphism 

K n (X)~n n (\G(X)lch GS ) 

ifn > I. 

Proof. It is obvious that the map (f,u>) i— > (x(l A /), — cj) gives rise to a homomorphism 
of the modified homotopy groups. Consider the following commutative diagram: 



WIGPOI) 



7T. 



n+2 



(|5(X)|) 



•An+lPO 



7T n (|G(X)|,ch GS ) 



-id 



^ +1 (|5(X)|,ch 



7T n (|G(X)|) ► 



7T n+1 (|5(X)|) ► 0, 



where the upper and lower sequences are exact by Thm.2.3 and x* is an isomorphism by 
Thm.5.1. Hence the proposition follows from the five lemma. □ 

If we set G( 2 )(X) = G^(7(X)), then there is a homomorphism of complexes 

ch GS : G.(|G (2) (X)|) ^ Cub*(X) C -^A(X) 
and the following square is commutative by Prop. 5. 2: 

C,(|G(X)|) /UpT) 



id 



c*(l^wi) 



ch' 



GS 



/i*pr). 
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Hence R induces an isomorphism 

it :7r n (|G(X)|,ch G5 ) ^7r„(|G^(X)|,ch G5 ) 

by Thm.2.3. 

Before discussing product in K*(X), let us recall the product in % (X) defined by Gillet 



and Soule in |fL0| . The pairing 

%o(X) x % (X) -> Xo(X) 

is given by 

[(E, u)} x [(F, t)} = [(E ® F, ch G5 (£) • r + • ch G5 (F) + • d A r)}. 

Then 3Co(X) becomes a commutative associative algebra. 

To construct a product in higher arithmetic X-theory, we will use the G-construction. 
However, we have not had any expression of K (X) by means of the G-construction. Hence 
we have to distinguish the cases including the .Ko-group from the general case. 

Let (E, rj) be a pair of a hermitian vector bundle on X and 77 G Ai(X) and let (/, to) be a 
pair of a pointed cellular map / : S n — > |G(X)| and u G A n+ i(X). Let us define the product 
of these pairs as 

(E, rj) x (/, u) = (E ® /, ch G5 (£) . a; + 77 • ch G5 (/) + 77 . d^), 
where £® / : S n ±> \G{X)\ ^ \G{X)\. 

Theorem 5.4. The above product gives rise to a pairing 

x : X (X) x K n {X) -> K n (X). 

Proof. To prove the theorem, we have to show that (£7, 77) x (/, lo) is compatible with 
the equivalence relations of %q(X) and K n (X). Let us first show the compatibility with the 
relation of K n (X). 

Let H : S n x //{*} x I -> |G(X)| be a cellular homotopy from (_/» to (/' ,o/). Then 
ty - w = (-1)"+! ch G ^(iJ) and the map 

E®H:S n x !/{*} x/5 |G(X)| ^ |G(X)| 
is a cellular homotopy from E ® f to E ® f . Furthermore, by Prop. 4. 6 we have 

ch%(E ®H) = ch G5 (£) . ch^tf) 

= (-l) n+1 ch% s (E) • (lu' -lu). 

This tells that E (3 H is & cellular homotopy from (E,rj) x (f,u) to (E,rj) x (/',a/). 
Next we show the compatibility with the relation of 3Co(X). Let 

£ : ^ £ ^ F ^ G ^ 

be a short exact sequence of hermitian vector bundles on X. Consider the following 1- 
dimensional subcomplex of |G(X)|: 
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ei 



e 2 



(B©G,0) (F0G,G) (F,0), 



where 



ei 



/ E @G - F @G 



77 \ / T 

,e 2 = 



V 



G 



G 



J 



\ 



F®G 



G 



G \ 



G 



We denote by t£ : / — > |G(X)| the cellular map such that te(7) = eie 2 1 . 
For a pointed cellular map / : S n — > |G(X)|, let 

if : 5" x //{*} xl^lx S n /I x {*} ^ |G(X)| A |G(X)| ^ |G (2) (X)|, 

where T is the switching map defined by T(s,t) = (t,s). If H (s) = H(s,0), then H is 
written as 

S n ± \G(X)\ |G(X)| A \G(X)\ ^ |G (2) (X)|, 

where t^eG : S° ~^ I ^(^01 * s the pointed map determined by (E © G, 0) G G (X). Since 
the diagram 

\G(X)\ ^ ffi ° A ' d ) |G(X)| A |G(X)| 



(FeG)® 



|G( 2 )(X)| 



is commutative, it follows that H = R((E © G) ® /). If iii(s) = if (s, 1), then we can show 
Hi = R(F ® /) in the same way. Moreover, Prop. 4. 6 implies 

cO#) = (-l) n ch^(mf (, £ A /).([/ x 5"])) 
= (-irch? s ( i£ ).chf(/) 

= (-irchf 5 (£).chf(/) 

modulo Imrfyi. Hence H is a cellular homotopy from (R((E © G) <g> /), chf 5 (£) • ch G5 (/)) 
to (R(F®f),0). Since : 7r n (|G(X)|, ch G5 ) -> ? n (|G( 2 )(X)|, ch G5 ) is bijective, we have 

[((£ © G) ® /, ch G *(£) . chf(/))] = [(F ® /, 0)] 

invr n (|G(X)|,ch G5 ). 

The short exact sequence £ gives a relation 

p,0)] + [(G,0)] = [(F,-chf 5 (£))] 

in % {X). We have 

[(E,0) x (/»] * [(G, 0) x (/»] = [((£® /) * (G® /), (ch G5 (£) + ch G5 (G)) . w )] 
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and 

[(F,-chf^))x(/,c)] 

= [(F © /, ch G5 (F) . 00 - ch G5 (£) • ch G n s (f) - d A ch GS (Z) . u)] 
= l((E © G) ® /, (ch GS (E) + ch GS (G)) . to)] 

in 7r n (\G(X)\, ch G5 ). Hence Thm.5.4 follows from Lem.5.5 and Lem.5.6 below. □ 



Lemma 5.5. For a pointed cellular map f : S n — > |G(X)| and two hermitian vector- 
bundles E, G on X , we have 

[((E © /) © (G © /), 0)] = [((£ © /) * (G © /), 0)] 

m7f n (\G(X)\,ch GS ). 

Proof: Let us first describe the map (E © /) © (G © f) explicitly. Since / is a pointed 
cellular map, the map 

S n c — > S n x S n | A (G(X) x G(X))| 

is also a pointed cellular map. Moreover, the direct sum of hermitian vector bundles induces 
a morphism of simplicial sets 

© : A(G(X) x G(X)) -> G(X). 

Then the map (E © /) © (G © /) is expressed as the composition of these two cellular maps, 
that is, 

(E®f) © (G©/) : S n A 5" x 5" |A(G(X) x G(X))| ^ \G(X)\. 

Consider the homomorphism of complexes 

ch G5 ©ch G5 : G*(|A(G(X) x G(X))\)^A*(X)®A*(X) 

defined by (E,F) i-> (ch G5 (£), ch G5 (F)) for E,F <E G n (X) and the inclusion 

mi (resp. m 2 ) : G(X) ^ A(G(X) x G(X)) 

defined by ini(t) = (t,*) (resp. in^it) = (*,t)). Then we have the following commutative 
diagram: 



G*(|G(X)|) A,(X) 



ini„ (resp. 1712*) 



ini (resp. in2) 



G*(|A(G(X) x G(X))|) chGS@chGS > A(X) ©A(X), 

where the right vertical arrow is defined by in^w) = (cu,0) (resp. m 2 (w) = (0, a;)). On the 
other hand, the projection 

pn (resp. pr 2 ) : A(G(X) x G(X)) -> G(X) 
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defined by pri(x,y) = x (resp. pr 2 (x, y) = y) is also a morphism of simplicial sets and it 
satisfies the following commutative diagram: 

C*(\A(G(X) x G{X))\) chGSffichGS > A*(X)@A*(X) 



pri, (resp. pr 2 ») 



pri (resp. pr 2 ) 



C,(|G(X)|) > A(X), 

where the right vertical arrow is defined by pri(o;,r) = (resp. pr 2 (u,T) = r). Hence we 
have four homomorphisms 

n n (\A(G(X) x G(X))|,ch G5 ©ch G5 ) =± 7r„(|G(X)|, ch G5 ) 

that form an isomorphism 

K n (\G(X)\,ch GS ) ®M\G(X)\,ch GS ) ~n n (\A(G(X) x G(X))\, ch GS © ch G5 ) 
by (x, y) I— > in u (x) * in 2 *(y). The inverse of it is pri* © P^2*- Since 

pr u ([(((£©/) x (G®/))A,0)]) = p®/,0)] 

and 

pra.([(((E®/) x (G®/))A,0)]) = [(S®/,0)], 

we have 

[(((£ © /) x (G © /))A, 0)] = © /, 0)]) * m 2 MG © /, 0)]) 

in tt»(|A(G(X) x G(X))\, ch GS © ch G5 ). 
The following commutative diagram 

c*(\A(G(x) x d(x))\) chGSffichGS > A(X) ©yi,(X) 



C,(|G(X)|) ^ MX) 

yields a homomorphism 

©* : n n (\A(G(X) x G(X))|,ch G5 ©ch G5 ) -> 9 n (\G(X)\,ch GS ). 
Since ®*irij^ is the identity homomorphism, we have 

[((£ © /) © (G © /), 0)] = §, ([(((£■ © /) x (G © /)) A, 0)]) 

= [(£©/,0)]*[(G©/,0)] 
= [((^©/)*(G©/),0)], 
which completes the proof. □ 
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Proof. Consider the following diagram: 



A(G(X) x G(X)) 



(E® )x(G® ) 



+ A(G(X) x G(X)) 



A 



e 



G(X) 



(£©G)® 



G(X) 



R 



* G^(X). 



This square is commutative up to homotopy. Let a be the upper map of the diagram and 
cti the lower map. Then for P = (P^) £ G n (X), a (P) and a±(P) are elements of G G n (X) 
described as 



The canonical isometries (E^P ± ) © (G®P ± ) ~ (P©G) ©P^ 1 give an element of GiG n (X) 
whose Bott-Chern form is zero. Collecting these elements for all P = (P^) provides a 
morphism of bisimplicial sets 



such that \l/(0,s) = a (s) and ^(l,s) = cti(s). Therefore for any pointed celular map 



f : S n ^ \G(X)\, 

H:S n x //{*} xl^lx S n /I x {*} I x \G(X)\/I x {*} |G (2) (X)| 

is a cellular homotopy from R((E © /) © (G © /)) to P((P©G)©/) such that ch^P) = 0. 
Since P* : 7r n (|G(X)|, ch G5 ) -> 7r n (|G^(X)|, ch G5 ) is bijective, we have 

[((P © /) © (G © /), 0)] = [((P © G) © /, 0)] 

in^(|G(X)|,ch G5 ). □ 



In the same way as above, we can define a pairing K n {X) x 3C (X) — > P n (X) by 



a (P) 



((P © P + ) © (G © P + ), (P © P~) © (G © P~), 0, 0) 



and 



«i(P) 



((P © G) © P + , (P © G) © P~, 0, 0). 



# : A[l] x G(X) -> G (2) (X) 




a : %o(X) ~ P (X), we can obtain a pairing 

x : K n (X) x P m (X) - K n+m {X) 



when n = or m = 0. 
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5.5. The pairing of higher arithmetic if-theory. In this subsection we define a pairing 
K n (X) x K m (X) — > K n+m (X) in the case of n, m > 1. For two pointed cellular maps 
f:S n ^ \G(X)\ and # : S m -> |G(X)|, we set 

/x 9 : S n+rn = S n AS m ^ \G(X)\ A |G(X)| ^ \G {2) {X)\. 
For c<j G A n+ i(X) and r G .A m+ i(X), the product (f,ou) x (<7, t) is defined as 
(f,u) x (g,r) 

= (fxg, (-1)" chf (/) . r + W • ch G %) + u.d A r + (-1)" chf (/) A ch GS (<?)). 

Proposition 5.7. T/ie a^owe product gives rise to a pairing 

m° : ^ n (|G(X)|,ch G5 ) x ? m (|G(X)|,ch G5 ) -> ? n+m (|G( 2 )(X)|, ch G5 ). 
Proof. For a cellular homotopy if from (/, a;) to (/', a;'), let H be a cellular map given as 

H : S n+m x //{*} x / — > |G(X)| A |G(X)| ^ |G (2) (X)|, 

where the first map is defined by (si, «2, l— ► (H(si, t),g(s 2 )) for si G 5", s 2 £ •S'" 1 and t G i. 
Then ii is a homotopy from f x g to f x g and Prop. 4. 6 and Prop. 5. 2 imply 

ch G f m+1 (ii) = (-l) m ch G * m+1 (m G (ii x ^.([5" x / x 

= (-l) m ^UH) -ch G %) + (~ir +m+1 ch^(dH^[S n x /])) A ch G5 (s) 
= {-ir m +\J - u>) . ch G %) + (-ir +1 (chf(/') - ch G5 (/)) A ch G ^) 
= (-l^V . ch G %) + (-l)"ch G5 (f ) A ch G %)) 
- (-1)"+™+^ . ch G %) + (-l)"ch G5 (/) A ch G %)) 

modulo Imdji- This tells that the map if is a cellular homotopy from (f,cu) x (g,r) to 
(/>')x(9,r). 

If if' is a cellular homotopy from (g, r) to (#', r'), we can verify in the same way that the 
map 

S n+m x i/{*} x i ^ \G{X)\ A |G(X)| ^> |G (2) (X)| 
is a cellular homotopy from (f,cu) x (g,r) to x (g',T r ). □ 

Definition 5.8. Forn,m > 1, we define a product in higher arithmetic K-theory 

x : K n (X) x K m (X) -> £ n+m (X) 
6?/ £/ie following homomorphism: 

9 n (\G(X)\,ch GS ) x 7r m (|G(X)|,ch G5 ) ^7r n+m (|G( 2 )(X)|,ch G5 ) ^7?„ +m (|G(X)|,ch G5 ). 
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Proposition 5.9. The Chern form map respects the products, that is, we have 

ch G ^ m (xxy)^ch GS (x).ch GS (y) 

for x G K n (X) and y G K m (X). 

Proof. We assume n, m > 1. Let us define the Chern form map on n n+m (\G^ (X)\, ch GS ) 

as 

ch^ m ([(i»]) = ch GS (M[S n+m ])) + d A u G A n+m {X). 

Then it follows that ch G + m (R*(x)) = ch G + m (x) for any x G 7r n+m (|G(X)|, ch GS ). Hence it is 
sufficient to show that 

ch^Jmf (x,y)) = ch GS (x) • ch GS (y). 

For x = [(/, lo)] and y = [(g, r)], Prop. 4. 6 implies 

ch^ m (m? (x, y)) = ch^ m (/ x <?) + ^ ((-1)" ch GS (f) . r + u • ch GS (g) 

+uJ.d A T+(-irch GS (f)Ach GS (g)) 
= (ch GS (f) + d A u).(ch GS (g) + d A r) 
= ch GS (x).ch GS (y). 

The case where n = or m = is trivial. □ 
Remark: As far as the author knows, there does not exist a homomorphism 

Cub : C*(\SW(X)\)[-2] -> Cub*(X) 
that makes the following diagram commutative: 

C,(|5(X)|)[-l](8)a(|5(X)|)[-l] Cub0Cub ) Cub*(X)®Cub*(X) 



C,(\S (2 \X)\)[-2] CuK(X). 

Hence it seems impossible to define a product in K*(X) using the ^-construction. 

5.6. The commutativity of the product. In this subsection we discuss the commuta- 
tivity of the product in K*(X). When n = or m = 0, it is easy to prove that the product 
K n (X) x K m (X) — > K n+m (X) is commutative. So we consider only the case of n,m > 1. 

For a small exact category 21, let L : G„2l — > G ti Gq% be the morphism defined by 
L(E + ,E~) = (E + , 0, E~ , 0). Then it induces a homotopy equivalent morphism 

L : G21 — > G (2) 2l 

and it is homotopy equivalent to the morphism R. 
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Let us define a new product in K*(X) using the morphism L. For a proper arithmetic 
variety X, the diagram 

C4\d(x)\) ^ mx) 



id 



C*{\G^\X)\) ^ mx) 
is commutative. Therefore we have an isomorphism 

:n n (\G(X)lch GS ) ^n n (\G^\X)\,ch GS ). 

Definition 5.10. Forn,m > 1, we define a new product 

x : K n {X) x K m (X) - £„+ m (X) 

% the pairing 

9 n (\G(X)\,ch GS ) x 7r m (|3(X)|,ch GS ) ^ 7r m (|G( 2 )(X)|,ch G5 ) £ A 7r m (|G(X)|, ch G5 ). 
Let us compare this new product x with the previously defined one. Let T : S n S m (X) - 

L 

S m S n (X) be the switching map defined by T(E)^ j)x ^ p - ) = x (ij)- Then the map 
\\S n S m {X) x A n x A m — > JJ3 m SUx) x A m x A™ 

n,m n,m 

defined by (x,ti,t2) >— > (T(x), £2, ^i) induces an involution of the topological realization 

T: |£ (2) (X)| -> |5 (2) (X)|. 
Similarly we can define the switching map T : G n G m (X) — > G m G n (X) and the involution 

T: |G (2) (X)| -> |G (2) (X)|. 

Lemma 5.11. TTie diagram 

C,(|G( 2 )(X)|) 

T* id 

0.(|G( 2 )(X)|) A(X) 
zs commutative. Hence we have an isomorphism 

7* :U\G {2 \X)\,ch GS ) ^9 n (\G^(X)\,ch GS ) 

by [(i»]^[(Ti>)]. 



46 

Proof. If we denote by [E] the element of C*(\G (2 \X)\) determined by E G G n G m (X), 
then we have T* ( [E] ) = (-l) nm [T(£)]. Hence we have 

ch^ m (T*([£D) = (-l)^ch^ m (Cub(T(£;))) 

= (-l) Bm ch2f m (T B>m (Cub(S))). 
In the above, T n m (jF) for an exact metrized (n + m)-cube JF is defined as 

Then it is easy to see that ch^ m (T„, m (^)) = (-l)" m ch^ m (^), therefore ch^ m (7*([E})) = 
ch^ m (E). □ 

Proposition 5.12. Let x G i^ n (X) and y G K m (X) with n, m > 1. T/ien we /iat>e 

x x y = (-l) nm y x x. 

Proof: For two pointed spaces Si and S2, let T : Si A S2 — > 5*2 A Si denote the switching 
map given by T(si,s 2 ) = (s2>Si)- For two pointed cellular maps / : S n — > and 
g : S m — > |G(X)|, we consider the following diagram: 

S n AS m \G(X)\A\G(X)\ \G i2 \X)\ 

T 

S m AS n \G(X)\ A |G(X)| ^-^ |G( 2 )(X)|. 

The left square is obviously commutative, but the right one is not. In fact, for E G G n (X) 
and F G G m (X) we have 

7m G (E, F)(ij) X ( a)/ j) = E a3 <g> Fjj 

and 

m G T(E, i ? )( i j) X ( aj/J ) = Fjj <g> f? ai/3 . 

Hence the homotopy from Tm G to m G T can be constructed by means of the canonical 
isometry P ® Q ~ Q ® -P of hermitian vector bundles. More precisely, if G^(X) is the 
trisimplicial set obtained by taking G-construction three times and R : G^(X) — > G( 3 )(X) 
is the homotopy equivalent map induced from the map i? : G n G m (^T) — > GoG n G m (X^ given 
by R(E) +±± = £' ±± and R(E)^ ±± = 0, then a homotopy between the diagram 

\G(X)\A\G(X)\ \G^ 2 \X)\ 



\G(X)\A\G(X)\ \G^(X)\ — |G( 3 )(X)| 

is given by means ofP®<5 — <5®Pin the same way as \& in the proof of Lem.5.6. Hence 
we have 

[(7(fxg),0)]^[((9Xf)T,0)} 
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in^ +m (|G( 2 )(X)|,ch G5 ). 

If x = [(/, a;)] and y = [(g, r)], then we have 

= [(7(f x g), (-1)" chf (/) . r + co . ch G %) + w • d A r + (-1)" ch GS (/) A chg s (g))\ 
= [((g x f)T, (-1)""V . ch GS (/) + (-l)^ 1 )™ ch^Q?) . w + (-1)""V . d^u; 

+ ( _ 1) (n + l)m ch G5 (y) Ac hf (/))]. 

Since T : S n+m -> 5"+™ is homotopic to (-l) nm id 5 n +m , we have 

T*m G ([(/, a;)], [(<?, r)]) = (-l) nm m G ([(g, r)], [(/, w )]) 
in 7r n+m (|(r( 2 )pr)|, ch 5 ). The commutativity of the square 

\GW(X)\ <-^— \G(X)\ 

T id 

\G<V(X)\ ^— \G(X)\ 

implies 

(-ir™L*([(g,T)} x [(/»]) = (-l)" m m G ([(«?, r)}, [(/»]) 

= T.m?([(/, W )],[(ff,T)]) 
= T^([(/,c)]x[(^r)]) 
= £*([(/>)] x[(<7,r)]). 

Since L* is bijective, we have completed the proof. □ 

Proposition 5.13. For x G 7r n (|G(X)|, ch G5 ), £/ie element 

R.(x) -L m (x) E9 n (\G {2 \X)\,ch GS ) 

is contained in lm(A n+ i(X) — > 7f n (|G^ 2 ^(X)|, ch 05 )) and2(R*(x)—L*(x)) =0. In particular, 
for x G i^ n (X) and n G i^ m (X) wi/i n,m > 1, the element x x y — x x y is contained in 

lm(A n+m+1 (X) -> fT n+m (X)) and 2(:rxn-xxn) = 0. 

Proof. Since i? and L are homotopy equivalent, it is clear that — is contained 

in Im(l n+1 (X) -> 9 n (\G^(X)\,ch GS )). Let f : S n ^ \G(X)\ be a pointed cellular map. 
Then there is a pointed cellular map 

H : S n x //{*} x / -> |G (2) (X)| 

such that if(s, 0) = i?/(s) and if(s, 1) = L/(s). Let 

H' = 7H :S n x //{*} x / -> |G (2) (X)|, 
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then we have H'(s, 0) = Lf(s) and H'(s, 1) = Rf(s). The commutative square in Lem.5.11 
implies ch^H') = ch^H). Gluing the maps H and H' on the boundaries, we obtain a 
cellular map 

HUH' :S n x T7{*} x T 1 -> |G (2) (X)|, 
where T 1 is the barycentric subdivision of 5 1 . 



Lemma 5.14. i/n > 1, there is a surjection 

p : S n+1 ^S n x S'/i*} x S 1 

such that p~ 1 ((5' n — {*}) x S* 1 ) — > (S*™ — {*}) x S 1 is a homeomorphism. 

Proof: We describe the space 5 , ™ +1 as follows: 

S n+1 = {(z,t u --- ,t n ) E C x R n ;\z\ 2 + tj + ■ ■ ■ + t 2 n = 1} . 

Let S™" 1 = {(0,*i, •••,*„) E S n+1 }. Then a homeomorphism S n+1 - S* 1 - 1 ^ B n x S 1 is 
defined by 

(z, ti, ■ ■ ■ ,t n ) i— > I (<!,••• , £„), 



A/1"*? *n 

where £ n = {(h, ■ ■ ■ , t n ) e W 1 ; t\ H h t 2 n < 1}. Since S n x S 1 /!*} x S 1 is the one-point 

compactification of B n x S 1 , this homeomorphism can be extended to 

p : S n+1 ^S n x S'/i*} x S 1 

which satisfies the condition as mentioned above. □ 

Let us return to the proof of Prop. 5. 13. Since T 1 is the barycentric subdivision of S 1 , we 
have a pointed cellular map 

F : S n+1 ^S n x T7{*} x T 1 ^ |G (2) (X)|. 

Then we have 

ch^(F) = ch%(H) + ch%(H>) = 2ch%(H). 
In other words, 2ch n+1 (if) is contained in the image of 7r n+1 (|G^ 2 ^(X)|) — > A n+ i(X). Hence 
2[(0,chg? 1 (#))] = in 7r n (|G( 2 )(X)|,ch GS ) by Thm.2.3. For any x = [(f,u)] G 
7T n {\G{X)\,ch GS ), we have 

R.(x)-L.(x) = [(Rf,0)]-[(Lf,0)] 

= (-ir+ i [(o,ch^ 1 (^))], 

therefore 2(R*(x) -L*(x)) = 0. □ 
Prop. 5. 12 and Prop. 5. 13 yield the following theorem: 

Theorem 5.15. Let x e K n {X) and y E K rn (X). Then x x y — (—l) nm y x x is a 2-torsion 

element contained in lm(A n+m+ i(X) — > K n+m {X)). Hence the product in K*(X) is graded 
commutative up to 2-torsion. 
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5.7. The lack of the associativity. In this subsection we discuss the associativity of the 
product in K*(X). Let G^{X) be the trisimplicial set given by taking G three times. Let 
m G denote the morphisms of trisimplicial sets 

G (2) (I)AG(I)^G (3) (I) 

and 

G(X) AG (2) (I) ^G (3) (X) 
given by the tensor product of hermitian vector bundles. A homotopy equivalent map 

R:G(X) ^G i3) {X) 

is given by R(E) ++± = E ± and i?(E)+- ± = R(E)~ +± = R(E) ± = for E = (E±) G 
G n (X). Under the above notations, the following diagram 

G{X) A G{X) A G{X) GW{X) A G(X) 

lAm G 

G(X)AG^(X) G^(X) 

is commutative up to the homotopy arising from the natural isometry {E <8> F) ® G ~ 
E <g> (F ® G) of hermitian vector bundles. This commutative diagram is the source of the 
associativity of the product in usual algebraic i^-theory K*(X). 

For two pointed cellular maps / : S n -> |<5 (2) P0I and # : S m -> |G(X)|, let 

/xj: S n+m |G (2) (X)| A |G(X)| ^> |G (3) (X)|. 
Let us define a pairing 

: n n (\G (2 \X)lch GS ) x 7r m (|G(X)|, ch G5 ) - n n+m (\G^(X)l ch GS ) 

by 

([0>)],[(<?,t)])~ 

[(/ x g, (-1)" chf (/) . r + cu . ch GS (g) + to . d A r + (-1)" ch^(/) A ch GS (g))]. 

The well-definedness of the pairing can be shown in the same way as the proof of Thm.5.7. 
We can also define a pairing 

m G : 7f n (\G(X)\,ch GS ) x n m (\G {2) (X)\,ch GS ) ^ n n+m (\G {3 \X)\,ch GS ) 
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by the same expression as above. Then the associativity of the product in K*(X) is equivalent 
to the commutativity of the following diagram: 



5f rl (|G(X)|,ch GS )x5f m (|G(X)|,ch GS )x?F i (|G(X)|,ch GS ) 




?fn+ m (|G( 2 )(X)|,ch GS )x^(|G(X)|,ch GS ) n n (\G(X)\,ch GS )xK m+l (\G( 2 Hx)\,ch GS ) 




^+ m+i (|G( 3 )(X)|,ch GS ) 



n n+m+l (\G(X)\,ch GS ). 

However, the diagram is not commutative. Let [(f,w)] G n n (\G(X)\,ch GS ), [(<?, r)] G 
7r m (|G(X)|,ch G5 ) and [(h,r))] G tti(\G(X)\, ch GS ). Then in the same way as the proof of 
Lem.5.6, the identity 

[((fxg)xh,0)] = [(fx(9Xh),0)} 

in 7Y n+m+ i(\G^(X)\,ch GS ) can be shown. The quadrusimphcial set G^\X) is necessary to 
show this identity. Hence an easy calculation leads us to the following: 

Proposition 5.16. We have 

m? (mf ([(/, a;)], [(<?, r)]), [(ft, rj)}) -m G ([(/, u;)], m G ([(«?, r)], [(ft, ??)])) = [(0, r(/, <?, ft, w , r, 77))] 
in n n+m+l ( I (X) I , ch G5 ) , where 

r(f,g,h,u,T,r}) 
= (-in(ch G5 (/) + d A u) . r) . (ch GS (ft) + d^) 

- (-l)"(ch G5 (/) + d A u) . (r . (ch G5 (ft) + d^)) 
+ (-l) n+m ch G Uf x 5) -77 + (-l) n (ch G5 (/) A ch G5 (^)) .d^ 

-(-ir +m ch G5 (/).(ch G5 (^).r7) 
+ ( W • ch G %)) . ch G5 (ft) - (-1)"+™^ • (ch G %) A ch GS (ft)) - a; • ch G ^( 5 x h) 
+ (a; • ch G ^)) . d A rj - (-l) n+m d A u . (ch GS (g) . V ) 

+ (-l) n (ch G5 (/) A ch G %)) . chf s (h) + (-l) n+m ch2 m (/ x g) A ch G5 (/>) 
- (-l) n+m ch G5 (/) . (ch GS (g) A ch GS (ft)) - (-l)"ch G5 (/) A ch G *^ x h). 
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For uo G A n (X) or T> n (X) and for an integer % satisfying 1 < i < n, we set 

u (-i,-n+i-l) _ V^^^-i.p-n+i-l) 



V 



where u/ p hP n+% 1 - ) is the (p — i,p — n + i — l)-component of the differential form uo. Then 
for uo G A n (X) and r G A m (X), it follows that 



i V a n ' r 



uo A r = — > ' a"f A r (^'^ m +J- 1 ) 

4tt>^^ jj 



Lemma 5.17. 1) VFe assume n,m,l > I. For a G A n (X), (3 G yi m (X) and 7 G ^(X), 
we /iat>e 



(a • P) • 7 — a • (P • 7) 

: (da ( - 1 ' _n) + dc/-™'^) A (d/^" 1 " m ) + 9/3 ( - m '- 1} ) A 7 



2 



4(27Tv^T) 2 

2) // d A a = and = ; then we have 



a a (9/3 ( - 1 '- m) + dp { - m '~ l) ) a (d-/- 1 + 9 7 ( -^ 1} ; 



7=^0; A dp A djCf, I > 2, 



(a.^). 7 -a.(/3. 7 ) = <|^v^) 2 



modulo Imdji. 

3) // = and dj\^ = 0, then we have 



I 0, n = 1 

modulo Imdji. 

4) // d/ia = and d A ^ = 0, t/ien we have 

(-1) 



0, m = 1 



modulo lmd A . 



Proof. The identity in 1) follows from an easy calculation. If / > 2 and d A a = d A p = 0, 
then we have 

(a • P) • 7 — a • (P • 7) 

= ,,0 V^2 rfa A d/3 A 7 — , — _ ct A dp A {dry + d Al ) 
4(27TV — 1J 4(27T\/— 1) 

/_j^\n+m 

-d(a A dp A 7) — a A dp A d A j. 



4(2ttx/^T) 2 v 7 4(2^^)2 
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The form A d/3 A 7 is contained in ^(p+g+rj-n-m-i-i^^ + g + r ) and 

^ Uw^d- '* A d " A 7) ) = i(^b)5 d(Q A * A 7) - 

Hence we have 

(a • (3) • 7 - a • (/3 • 7) = — — ^=rx« A d/3 A ^7 

4(27TV — 1 j 

modulo Imd^. When / = 1, we have 

(a • 0) • 7 - a • (P • 7) = dW ; /o A d/3 A 7) 



4(2ttv /3 T) 2 

Hence 2) holds. The identities in 3) and 4) can be proved in the same way. □ 

We calculate r(f, g, h, u>, r, 77) by using Lem.5.17. If n, m, I > 1, then we have 
(-l)"((chf (/) + ^) . r) . (chf s (/i) + d A r,) 

- (-l) B (ch? 5 (/) + d^;) . (r . (chf + d AV )) 

(ch° s (f) + d^) A dd A r A (chf 5 (/i) + d AV ) 



' -j\n+m+l 



4(27rv^T) 2 
and 



(00 . ch^G?)) . d A r, - (-i) n+m d A uj . (ch^(y) . r,) 

-d^w Adeline/) Ad^ 



4(27Tv^T) 2 

modulo Imdyi. Since 

ch^ m (/ x 0) = chf (/) . ch^) + (-lr^chf (/) A d& 8 (g)) 
by Prop. 4. 6, we have 

(-l) n+m ch^ m (/ x g) . 77 + (-l)"(ch^(/) A ch£%)) . d^ 
-(-l) n+m chf(/).(ch«%).^) 

= ("l) n+m (chf (/) . (*£*((,)) . 77 - chf (/) . (chf . 77) 

( 1 \n+m+l 

= 4 (27rV=I)2 ch ^) A rfch ^ A 
modulo Imdyi. In the same way as above we have 

( W • chf (<?)) . chf (/i) - w • chf x /1) - (-l) n+m d^ . (chf (<?) A chf s (/i)) 

; d A uAdd£ s {g) Achf (/*) 



4(2vr v /3 T) 2 

modulo Imdyi. As for the last four terms of the identity in Prop. 5. 16, we have the following: 



j\n+m+l 
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Proposition 5.18. Ifn,m,l > 1, then we have 

(-l)"(chf (/) A ch^(g)) . chf s (h) - (-ir +m ch^(/) . (ch° s (g) A chf s (h)) 
+ (-l) n+m ch^ m (/ x g) A chf s (h) - (-l)"chf (/) A ch%(g x ft) 



= (-l)" +m+1 „ 9 rT , 2 cbg fl (/) A dch£ g (g) A chf s (h) 
4(27rV— 1) 



modulo lmd,A- 



We will prove this identity in §5.9. Substituting these identities into that in Prop. 5. 16 
yields 

r(f,g,h,u,T,r}) 

I i \n+m+l 

' \GS/t\ , j , a A j/ iGS/„ \ i j _\ a /„uGS 



4(2^^)2 

modulo Imrfyi. 



(ch^(/) + d^) A d(ch^(g) + d A r) A (ch^(h) + d A rj) 



Theorem 5.19. The product in higher arithmetic K-theory does not satisfy the associa- 
tivity. In fact, if x G K n (X),y G K m {X) and z G K t (X) for n,m,l > 1, we have 

(xxy)xz-xx(yxz) = [(0, ^gg^ ch^(x) A d<A& s (y) A chf 5 (z))] 

m X n+m+ /(X). Hence (x x y) x z = x x (y x z) holds when nml = or y G K m (X) or 
x = y = z. 

Proof. When n, m, I > 1, we have already proved this identity. The identity (x x y) x z = 
xx(yxz) in the case of nml = follows from the definition of the product and Lem.5.17. □ 

5.8. The product in Arakelov K-theory. For a proper Arakelov variety X = (X, hx), 
let us define a pairing 

K n (X) x K m (X) - K n+m (X) 
by (x,y) I— > a(x x y), where a is the harmonic projection defined in §3.3. 

Theorem 5.20. The above pairing makes K*(X) a graded associative algebra. That is to 
say, it follows that 

a(a(x x y) x z) = a(x x a(y x z)) 

forx,y,z G K*{X). 

Proof. This identity is obvious when nml = 0, so we may assume nml > 1. We first 
prove the identity 

a(a(x x y) x z) = a((x x y) x z) 
for x G K n (X),y G K m (X) and z G K t (X). It follows from the definition of a that 

a(x x y) = x x y + [(0, a)} 
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for a E A n+m+ i(X) with 'K(a) = 0. Then we have 

a(x x y) x z — (x x y) x z + [(0, a • chf !S (z))], 

therefore 

(t((t(x x y) x z) = (x x y) x z + [(0, ct • chf 5 (z) + j3)\ 
for /3 e A n+m+ i + i{X) with CK(/?) = 0. Since chf 5 (,2) is harmonic, we have 

a • chf 5 (^) = (-l) n+m+1 (da^ 1 '- n - m) - da^"^) A chf s (z). 

Since SaC- 1 -"-™) A chf 5 (^) is <9-exact and Sa*""-™'- 1 ' A chf s (z) is d-exact, we have 3C(a • 
chf 5 ^)) = 0, so !K(a»chf s (z) +/3) = 0. Therefore we have a(a(x xy)xz) = a((x xy)x z). 
In the same way, we can show a(x x a(y x z)) = a(x x (y x z)). Hence Thm.5.19 implies 

a(a(x x y) x z) = cr(x x a(y x z)), 

which completes the proof. □ 

5.9. Proof of Prop. 5. 18. We will prove the following formula, which is not renormalized: 

(-l)"(ch n (/) A ch m (g)) . dnih) - (-l) n+m ch n (/) . (ch m (g) A <An(h)) 

+ (-l) n+m ch n+m (f x g) A ch,(/i) - (-l) n ch n (/) A ch m+l (g x h) 

= (-l) n+m+1 ch n (/) Adch m (<?) Ach^/i) 

modulo Imd^,. Let $ denote the left hand side of the above identity and let <&(/) (resp. $(g) 
and §(h)) be the part of $ including derivatives of ch„(/) (resp. ch. m (g) and chi(h)). In other 
words, $ = $(/) + $(#) + &(h) such that 

$(/) = (-l) m+1 (dch n (f) { -^ n) ~ dch n (f) { ~ n '- 1] ) A (ch m (g) A ch,(/0) 
+ (-l) m ((0ch n (/) ( ~ 1, ~ B) -Sch^/)^'- 1 )) Ach m (^)) A ch,(/i) 
/ \ 



l<i<n 
\l<j<m 



A chi(h), 



J 



$(<?) = (-l)" +m (ch n (/) A (Sch™^)^ 1 -" 1 ) - d ch m (g)(- m ^)) A dn(/i) 



/ 



+ (-1) 



n+m+l 



l<i<n 
\l<7<m 



A ch,(/i) 



/ 



+ (-l) n+m+1 ch n (/) A ((dch m (g)^-^ -dch m (g) { - m '- 1] ) A Mh)) 

( \ 
a^dch^gf-™^- 1 ^ A ch,(/0 ( ~' +fc ~ 1 '~ fc) 

l<j<m 



+ (-l) n+m+1 ch„(/) A 
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and 



$(h) = (-i)"( C h„(/) a ch m (g)) a (dchihy- 1 ^ -dchihy- 1 ^) 

+ (-l) n+1 ch n (f) A (ch m (g) A (dchih)^ 1 ^ -0ch,(/O H,_1) )) 



+ (-!)- ch n (/) A 



]T a$ ch m (^)(-^- 1 '^) A dchK/i)^*- 1 ' 



-k) 



l<j<m 
Kk<l 



J 



Let us first calculate $(/). It follows from rf I) (ch„(/)) = that d cK{f)^ n+i ^ i] 
— d ch. n (fy~ n+l ~ t ~ r) for 1 < % < n — 1. Then $(/) is expressed as follows: 



l<j<m 
Kk<l 



-fc) 



where 



\<i<n 
l<j<m 
Kfc<Z 



h n,m,l 

°oj,k 



i n,m,l 
n,m,k 



(-l) m a™£ + (-l) m+1 a]J- m ' 1 + (-l) m o;+ m '' x <f 
{-l) m a$ + 2 (-l)-+ 1 (^)- 1 (^)a^, 
(-l) m+1 aJ + (-l)XS + (-l) m a: 



m„n+m,l n,m 
n+j,k X °n,jr' 



ir^+^-irt?)" 1 ^ 1 ) 



n+j,k 1 



and 



in,m,l 
°i,j,k 



n+m^ — 1 (n+m— i— j\ (i+j—l\ n+m,l 

k 



(_^m+l a n+rn,l x a n,r, 

cyl -r \m (n+m\ ~ 1 (n+m— i— j\ (i+j—l\ n+n 

Z[ . L ) \ n ) \ n-i )\ i ) a i+j, 



for 1 < % < n — 1. 



Lemma 5.21. Ifl<j<m and 1 < k < I, then 

n 

(n+m\~ 1 \ (n+m—i—j\ (i+j—l\ n+m,l m,Z 

I n i n-i )\ i ) a i+j,k ~ a j,k ■ 



i=0 

Proof. By Lem.A.2 and Lem.A.3, we have 

n 

, -1 

i=0 



(LHS) = ^ n+m ^~ ^""^ ^n+m-i-j^ 
i=0 

n i+j—l 
_ 2 M+m\ -1 fn+m+l\ ~ l ST^ /n+m-i-j\ /i+j-l\ /n+m+l-i-j-k+l\ ti+j+k-l\ 

\ n ) V n+m / / j \ n—i / V i / / / V n+m— a ) \ a ) 



i=0 a=0 
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j-1 



= 1 — 2( m+l ) 1 ( m+l -j- k+1 ) (i+ k - 1 ) 

o=0 

- a m ' 1 

which completes the proof. □ 



Let c"'"£' be the rational number defined as follows: 

i-1 

n,m,l / i \m m,l <->/ -i \ m (n+m\ - 1 \ r (n+m— a— j\ I a+j — 1\ n+m,l 

C i,j,k ~\ l ) a j,k Z \ l ) { n ) n-a )\ a ) a a+j,k- 

o=0 

Then we have 

n,m,l rn,m,l 

C l,j,k - °0,j,k > 

n,m,l n,m,l _ in,m,l 
C i,j,k ~ C i+lj',fc ~~ i,j,k 



for 1 < i < n — 1 and Lem.5.21 implies 



We define a differential form \l> as 



n,m,l in,rn,l 

n,j,k ~ n,j,k 



*= E <;^ch n (/)(-" +l - 1 '- l )Ach m (^)^- 1 '-^AchK^) ( -' +fc - 1 



-i,-fc) 



l<i<n 
l<j<m 
Kfc<Z 



Lemma 5.22. We /lave c™^^ m - +1 = c™^™''. Hence \I> is contained in 

^n+m+l+2 

(X). 
Proof: We have 

n,m,i /_-. \m m,l 

u n-i+l,m-j+l,l-k+l \ > a m-j+l,l-k+l 

n—i 

_ ni i \m /ra+m\ ~1 \ /n— a+j— 1\ /Q+m— j\ n+m,l 

Z \ l ) \ n ) V n-a A o J tt o+m-j+l,/-fc+l 

o=0 

n—i 

— ( — '\\ m + l n m > 1 I Of_1 \ m (n+m\ 1 \ ^ (n-a+j-l\ ja+m-j\ n+m, I 
-\ l ) a j,k + Z \ L ) { n ) 2-^1 \ n-a A o J tt n-o+i,fc 

o=0 

ri 

_ / I \m+l m,J , 9 / i \m /n+m\ - 1 \ " (/3+j-l\ (n-(3+m-j\ n+m,l 
1 ) a j,k + A ! M n i V /3 A n-/3 ) a P+j,k- 

H=i 

Hence Lem.5.21 implies 

/ i-i 

n,m,i _ /_-. \m+l m,J . 9/1 \m f m,Z _ /n+m\-! \ ^ //3+j-l\ /n-/3+m-j\ n+m,l 

C n _ i+ljm _ j+ljl _ k+1 — { I) a j,fc + z l J-j I I » j /A a A n-/3 ) a i3+j,k 

\ (3=0 
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i-1 



I -\ \ m n m > 1 Of 1 \m (n+m\-l \ r (n+m-(3-j\ n+m,l 

/9=0 



n.m.l 

which completes the proof. □ 



Let us denote the parts of including derivatives of ch n (/), ch m (g) and chi(h) by 
and #(7i) respectively. Then d^ = *(/) + + and 



= E <;? rfch n(/) ( " n+i_1 ' _i) A ch m ( 5 )(-^- 1 '^) A ch l (/i)<- | + fc - 1 



-i,-fc) 



l<i<n 
l<j<m 
Kfc<Z 



^ c^9ch„(/)(-^- *> A ch m ( 5 )(-^- 1 '-^ A dh,(/i)H+*-i.-*) 



l<jr<m 
Kfc<Z 



-AO 



l<j<n-l 
l<j<m 
Kk<l 



+ E <;r^ch n (/)(- 1 -")Ach m (^)(- m+ ^ 1 ^)Ach i (/ i ) ( -' +fe - 1 '- fe) 



l<j<m 
Kk<l 



= *(/)■ 

Let us express — ^(/i) as follows: 

= £ ch n (/)(-^- 1 ^)Ach m (( ? )(- m+ ^ 1 ^)A9chK^) ( -''- 1) 



l<i<n 
l<j<m 



+ E ch n (/)(- n+i - 1 '- i ) A ch m (y)(-^- 1 '-^ A 9ch / (/i) ( ~ /+fc " 1 " fc) . 



l<i<n 
l<j<m 
Kfc<Z 



Lemma 5.23. It follows that d^ 1 = 0, therefore $(h) - V(h) = 0. 
Proof. When 1 < k < I — 1, we have 

m,m,i _ / i\n n n,m+l ( m,l m,l \ / ->\n+m( n,m,l n,m,l \ 
a i,j,k - I J-J a i,j+k X l a j,fc a i,fe+l^ I l > y C i,j,k C i,j,k+l) 

= (-l) B+1 (l-a5S , )(a^-a&i) 

i-l 

_l_ O/' — l "\ n f ra + m A _1 \ " /n+m-a-jA / n+m,l _ n+m,l \ 

^ Z[ . l ) { n ) n-a A a A tt a+j,fc tt a+j,fe+lJ 
a=0 



we have 



i-l 

= 4(_l) n ( n + m +^ _1 ( m +^ _1 ( m +'-.?- fe ) (^> +k ~ 1 ^ ^ ^n+m+l-i-j-k+1^ ^i+j+k-1^ 

a=0 

i-l 

^/ j\n (n+m+l\ ~^ /n+m\ ~ 1 \ r (n+m+l— a— j— k\ /a+j+k— 1\ /n+m—a—j\ /a+j — 1\ 

v ' V I ) \ n ) / j V n+m—a—j ) V a+j— 1 / V n—a A a / 

o=0 

/n+m+l\ /n+m\ /n+m+Z\ (m+l\ 

\ I )\n)~\ n A I / ' 

/n+m+i— a— j— fe\ /n+m— a— j\ /n+m+l— a— j — k\ /m+l—j—k\ 

V n+m—a—j ) V n—a / V m+l—j—k I V m— jr / ' 
/a+j+fc-l\ /a+j-l\ /a+j+fc-lN /j+fc-lA 
I a+j-1 A a / I a A j-1 ) ' 

m,m,l _ a( _-\\n (n+m+l\~ 1 (rn+l\ _1 (m+l-j-k\ (j+k-l\ 
Q i,j,k - ^\ l ) \ n ) V I ) \ m-j ) \ j-1 ) 

(i-l i-l \ 

^n+m+Z-i-j-fc+1^ _ ^ ^ n+m+ j_ a _j_fe^ ^a+j+fc-1^ j 

a=0 a=0 / 

= 

by Lem.A.3. 
When k = 0, we have 

= (-i)- +i <r + (-i)xr + ' >< (i + Ht) - (-ir +m <;? 
= (-i) ri+i ((i - srrr 1 E rr;* 1 ) rr 1 )) 

+ 2( — l)"( m+Z ) _1 ( m+ ' _ ' ? ) (l _2(™ +m+ ^ _1 ^ ^n+m+J-i-j+l^i+j-l^ j 

\ a=0 / 

-(-ir (-i+2( m +v 1 r + /- j )) 

+ 2(-i)-r n m )- 1 £ - j ) rr 1 ) (-1 + 2rrr\ n+m+ r a - j )) ■ 

a=0 

/n+m+l— a— j\ /n+m—a—j\ /n+m+l— a— j\ /m+l—j\ 

\ I A n-a ) ~ \ n-a A I ) ' 

= 2(-ircrr 1 f E ( n+ T_7' +1 ) rr 1 ) - E rrr) rr 1 ) 

\a=0 a=0 
_|_ 4^_^^ n+1 ^ ra + m +^ _1 ^ni+Z^ _1 ^m+Z-j^ 

'i-l i-l \ 

/ra+m+J-i-j+l-v _ /n+m+l-a-j\ /a+j-l\ \ 

/ -j V n—a A a ) / -j V n—a A a / I 

,a=0 o=0 / 



Since 
we have 
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by Lem.A.3. We can verify d?'^' 1 = in the same way, so we omit the proof. □ 
We finally calculate $(g) — ^f(g). Let us express it as follows: 

l<i<n 
l<k<l 

+ E e ?S , ' ch n(/) ( - n+i - 1, - i) A dch^gy-™^- 1 '^ A chK^H+fc-i.-*). 

l<i<n 
l<j<m 
l<k<l 



Lemma 5.24. It follows that e n '™' z = if 1< ?' < m - 1 and e n '™'' = e n,m i = (-l) n+ro+1 . 

i,j,fc * — J — i,U,fe i,m,k V / 

Proof. When 1 < j < m — 1, we have 

ra,m,i _ / i \n+m+l n+m,l i n,m n,m \ . / -. \n+m+l n,m+l i m,l m,l \ 

e i,j,k - { l ) a i+j,k x l a M a i,j+iJ + I X J a i,j+k x l a i,fc 

= (-ir™ + v-5? >< «f - <;™i) + (-i) n+m+1 «;™: z - 1) >< «l - 



i-1 



, o/_i \n+m+l /n+m\ 1 \ ^ (n+m-a-j\ ( a+j — 1\ n+m,l 
l ) { n ) 2-^\ n-a A a ) a a+j,k 



a=0 
i-1 



_ c)/ i \n+m+l (n+m\^ \ r /n+m— a— j— 1\ /a+j\ n+m,Z 

Z l U i Li n-a A a J tt «+j+l, 



/ , I n-a A a /"a+j+l.fe- 
a=0 



Hence we have 

n,m,l n,m,l 
c i+l,j,fc c i,j,fc 



/ -i \n+m+l n+m,l i n,m n,m \ / -, \n+m+l n+m,l i n,m n,m \ 

\ 1 ) a i+j+i,k X \ a i+i,j a i+i,j+i) \ 1 ) a i+j,k x K a i,j a i,j+i> 

_l_ (' — I \n+m+l / n,m+l _ n,m+l\( m,l _ m,l \ 

-r { i; a i,j+k )\ a j,k a j+i,k) 

, O/' — l \n+m+l (n+m\ - 1 / (n+m-i-j\ n+m,l _ (n+m-i-j-l\ n+m,l \ 

+ Z i ] i I n J n-j A j / a i+j,fc I n-i A i ) a i+j+l,k) 

o/ i \n+m (n+m\ — 1 /n+m— i— j— 1\ n+m,l ri( -i\n+m (n+m\—l (n+m—i—j\ (i+j—l\n+m,l 

Z \ l ) { n ) \ n-i-1 A j / "i+j+l,fc Z l X J 1J I n-i A i-1 J"i+j,fc 
, / i\n+m+l/ n,m+l n,m+l\/m,l m,l \ 

+ 1 -U l«i+l,j+fc a i,j+k )\ a j,k a j+l,k) 

, o/i \n+m+l /n+m\ _1 / (n+m—i—j\ n+m,l _ (n+m-i-j-l\ n+m,l \ 

+ Z l X ^ I « J ^ n-i A i ^"i+j,fc I n-i A i ) a i+j+l,k) 

n(_-\ \n+m (n+m\ - 1 (n+m-i-j\ ( n+m,l n+m,/\ 

Z l J-^ 1 I n J I n-i A i )\ a i+j+l,k a i+j,k ) 

_i_ ('I \n+m+l( n,m+l n,m+l\( m,l m,l \ 

"T I L ) \ a i+l,j+k a i,j+k )\ a j,k a j+l,k) 

-4f-l) n+m (n+m\ _1 /n+m-i-j\ /'n+m+/\ _1 /n+m+i-i-j-A;\ /i+j+fe-l\ 

v / V n / V n— i A i A n+m / V n+m—i—j ) \ i+j J 

_|_ ^ ^n+m ^rt+m+i^ ~ 1 ^n+m+i— i— j— Afj ^i+jr'+fc— l^j ^m+i^ —1 ^m+/— jr — A:^ p'+fc— 1^ 
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and 

n,m,l / -^yn+m+l n n+m,l 

1,J>& 



n+m,l w / n,m n.m \ . / i \ ti+m+l / n,m+l \ i m.l ml \ 

a j+1 ^ x {a{ d - a^- +1 ) + (-1) + + (a^. +fc - l)(a^ - a^ l jfc ) 

i 9/1 Ui+m+l /n+m\ -1 / (n+rn-j\ n+m,l _ (n+m—j—l\ n+m,l\ 
^ Z K l ) K n ) \\ n ) a j,k K n ) a j+l,k) 

(-ir™ +i Kf + + * - w - «si,*) - 2(-i)" + -rr)- i rr j )(«;r' - 

^/ j\n+ra /n+m+/\ _1 /n+m+/— j— fc\ /m+/\ — 1 /m+/— j— fc\ fj+k— 1\ 

V / V n / V n ) K m ) K m—j / V jr / 

j\n+m /n+m\ ~ 1 /n+m— j\ /n+m+Z\ ~ * /n+m+l— j— k\ (j+k—l\ 

K / V n / Vn/V n+m / V n+m—j ) K j / 



= 0. 

Hence e^™' z = 0ifl<j<m — 1. 
When j = 0, we have 



n,m,l _ 
e i,0,k ~ 



-i) n+m+i <r-' x (i + <d + (-i)- +m <r +i x (i - ag) - 

9/ ■t\n+m+l(n+m\— ^ (n+m— i\ n+m,l . <-)/ -i \n+m /m+/\ _1 (rn+l-k\ n,m+l 

Z K l ) K n I \ m ) a i,k ^ z \ l ) Km) Km ) a i,k 

i-1 

1 / I \n+m 9/ i\n+m/n+m\ _ l /n+m— a— 1\ n+m,i 

V ^ "l,fc Z l L ) K n ) n-a ) a a+l,k- 



a=0 

Hence we have 

n,m,l n,m,l 
e i+l,0,k ~ e i,0,k 



9/ -i \n+m /n+m\ — 1 /n+m— i— 1\ n+m,Z . cyl i\n+m(n+m\—l(n+m—i\ n+m,l 

~ Z K l ) K n ) K m J tt i+l,fe ~r z *> -U K n ) Km ) a i,k 

1 9/ 1 \n+m /m+/\ — 1 (m+l— k\ ( n,m+l n,m+/\ <-)/ i \n+m (n+m\ ~ 1 /n+m— i— 1\ n+m,/ 

" hZ V X J I m j I m jV°i+l,fe tt i,fe J Z l -LJ I n j I n-j J tt i+l,fe 

_ 9/1 \n+m+l /n+m\ _ 1 /n+m-i\ / n+m,/ _ n+m,/\ 
_ Z K l ) K n I K m )K a i+l,k a i,k ) 

, of T\n+m(m+l\~ 1 (m+l-k\/ n,m+l n,m+/\ 
~+~ Z K L ) Km) Km )\ a i+l,k a i,k ) 

4f ]^ N ) n + Tra ln+m\ ~ 1 /n+m—i\ /n+m+Z\ ~ 1 /n+m+l— i— k\ /i+k— 1\ 
V / \ n / K m ) K n+m ) K n+m—i / K i ) 

j^n+m ^m+l^ — ^ ^m+l—k^ ^n+rn+l^ — ^ ^n+m+l—i—k^ ^i+k— 1^ 



= 

and 

gf>,m,i 2( -|^n+m+l /n+m\ — 1 /n+m— 1\ n+m,/ , 2^ ijn+m/mtlr'/ra+l-tLn^+l 

1,0, A; V / V n ) K m ) l,k ' K J Km) Km) l,k 

_|_ ^ \y i ~^ m (i m ^ 2( Yy l + m (n+m^ — 1 ^n+m— 1^ ^n+m,l 

2( j^\n+m+l I 2 /™+™+/ N \ — 1 /n+m+/-fe\ \ . / j\n+m / j 2 / m +A _1 /m+/— fe\ 

v / V V n+m ) K n+m ) J V / I V m / v m / 

_|_ 2^ ^n+m ^m+i^ — 1 ^m+Z— A:^ ^ 2 ^«+m+/^ — ^ ^n+m+/— fc^j ^ 

n+m+l _j_ ^ ^n+m ^ri+m+l^ _1 ^n+m+l-k^ 

-Qn+m ^m+/^j ^m+/— fc^ ^n+m+/^ — ^ ^n+m+/— fc^j 
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Hence e™'™^ 1 = (— i) n + m+1 . We can verify e™'™'l = (— i) n + m + 1 i n the same way, so we omit 
the proof. □ 

Let us return to the proof of Prop. 5. 18. By the above calculations, we have 

= (-i) n+m+1 cM/)'-**- 1 '-*) a (dch m ( g )^ m ^ + dch m (g) { - 1 '- m) ) Adi l (h)^- l+k - 1 '- k 

l<i<n 
l<k<l 

= (-l) n+m+1 ch n (f) A d ch m (g) A ch,^). 

Since ^ G D n+m+ ; + 2(X) and d^ = —d^ff, we have completed the proof. □ 



6. Direct images 



6.1. Higher analytic torsion forms. We start this section by recalling the higher ana- 
lytic torsion forms defined by Bismut and Kohler 0. First we fix some notations. 

Let ip : M — > iV be a smooth projective morphism of compact complex algebraic manifolds. 
Let Tip be the relative tangent bundle of ip and we fix a metric h v on Tip that induces a 
Kahler metric on the fiber </? _1 (y) on each point y G N. The pair (ip, h^) is called a Kahler 
fibration. A real closed (1, l)-form Q on M is called a Kahler form with respect to ^ if the 
restriction of Q to each fiber ip~ 1 (y) is a Kahler form with respect to h<p. Let K v be the 
curvature form of (Tip, h^) and 

Td G5 (2>) = Td ^ Kip 



27TV 3 

where Td is the Todd polynomial. 

Let E be a (^-acyclic hermitian vector bundle on M, that is, E is a hermitian vector bundle 
on M such that the higher direct image R l ip*E is trivial if i > 0. Then the direct image 
becomes a vector bundle and is equipped with the L 2 -hermitian metric. Let £ p be an infinite 
dimensional vector bundle on N whose fiber on y G iV is the vector space of smooth sections 
over where T**- 1 ' -'^ is the holomorphic part of the complexified 

relative cotangent bundle T*ip®C Then a hermitian metric on £ p can be defined by means 
of the Kahler metric h v . 

Let us fix a Kahler form Q with respect to h v . Then the Bismut superconnection B u and 

the number operator N u for u > are defined on £ = ©£ p . The zeta function £(s) is defined 

p 

as 



-1 r°° 

COO = ^ ^ tr s (iV« «p(-B2))d«, 



where tr s is the supertrace. The higher analytic torsion form of E is defined as 

d ( 



s=0 
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where 0i : Di(M) — > A\(M) is the renormalization operator defined in §1.6. When the 
morphism ip and the Kahler form Q are specified, we sometimes abbreviate T(E, (p, Q) to 
T(E). 

The Grothendieck-Riemann-Roch theorem states that two closed differential forms 
J M/N ch GS (E)Td GS (T^) and ch GS (^E) determine the same cohomology class. The higher 

analytic torsion form of T(E, ip, Q) gives a homotopy between these two forms. Namely, we 
have the following: 



Theorem 6.1. || Under the above notations, we have 

d A T(E, if, O) = ch GS (^E) - [ Td G5 (2>) ch GS (E). 

Jm/n 

6.2. Independence of the analytic torsion forms. In this subsection we review inde- 
pendence of T(E, (p, Q) modulo Im dj± of the choice of the Kahler form Q, due also to Bismut 
and Kohler ||. Let Q and Q' be two Kahler forms with respect to h v . For < I < 1, 
let Qi = IQ + (1 — Then Qi is also a Kahler form with respect to h^. The Bismut 

super connect ion and the number operator determined by Qi are denoted by B u i and N u j re- 
spectively. The holomorphic and anti-holomorphic parts of B u j are denoted by B' u t and B" t 
respectively. In addition, let M u be the section of A*T*N ® End(£) defined in || Def.2.7]. 
The zeta function with respect to fli is defined as 

2T(s) J 

By Thm.2.9 in 0, we have 

-tv s (N u>l exp(-B 2 u ,i)) = ^( M « ex P(-</)) 

- d f^tr s ([B' Ujl , N u , t ] exp(-B 2 Ujl - bM u )) 

- 8 (^tT s ([B^,N u>l ] eM-B 2 u ,i - bM u )) 



b=0 



b=0 



We set 



0o(s) 
Us) 





1 


2T 


(*) 




1 


2T 


{*) 




1 


2T 


(s) 




1 



dd (^ti s (N u>l expi-Blj - bM u )) 



d 

u s — tr s (M u exp(-Bl t ))du, 
du 



b=0 



u 



i-i 



2T s) 



u 



u 



i-1 



d 

db 
d 
db 
d 
db 



-^([B'^N^expi-B^-bM^) 
tr s {[B'^N^ l )exp{-Bl l -bM u )) 
tr s (N U:l exp(-B 2 ul -bM u )) 



b=0 



b=0 
6=0 

du. 



du, 



du. 



(>:S 



These integrals converge when Re(s) is sufficiently big and are meromorphically prolongable 
to the whole plane. If we differentiate 0( s ) with the parameter I, then we have 

^Ci(s) = Oo^-de^a) - d9 2 (s)-dd9 3 (s). 
dl 

It follows from the definition of 6o(s) that 6' Q (0) is equal to the constant term of the power 
series expansion of tr s (M u exp(— B 2 ^) at u = 0. By Thm.3.17 and Thm.3.22 in 0, we have 

W = - rf (ltr,(- U M„exp(- Bi ,-^))|J. 

The same argument as the proof of Thm.2.2 in yields the following: 



B[{0) e ©e 



g ©(^-^(iv) © gp- 1 ^ 2 

6=0 P 



9' 2 (0) e ®8, p - 2 ' p -\N), 
p 

6' 3 (0) G ®8. p - 2 ' p - 2 (N). 
v 

If vr : ^p-^p-^N) © ^'^(iV)) -> D 2 (iV) denotes the canonical projection and 



+ ^(O) + 2 (O) + ^^(O)) G2) 2 (iV) ; 



then we have 



Hence if we set 



6=0 



d 



fi(E, Q, Q') = 6 2 Q P(l)dl^J G A 2 (N), 
where G 2 : D 2 (A r ) — > .A 2 (iV) is the renormalization operator defined in §1.6, then we have 

d A fi(E,Q,n') = 6i (J d v p(l)dl 

= e, (Ci(o)-ci(o)) 

= T(E,ip, tt) -T(E,<p, tt'). 
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We next discuss compatibility of T(E, <p, fl) and p,(E, fl, fl') with the pull back for closed 
immersions. Consider the following cartesian square: 

M' M 



N' — — -> N. 



where i and j are closed immersions and (p is a Kahler fibration with a metric h v on Tp. 
Then it follows that Tip 1 ~ j*Tip, therefore a hermitian metric /jy on Tp' with which 
becomes a Kahler fibration is induced from h v . If fl is a Kahler form with respect to h 9 , 
then the pull back j*fl is a Kahler form with respect to h v i. 

Let E be a (^-acyclic hermitian vector bundle on M. Then it is obvious that B u j, N u j 
and M u for i? as mentioned above are compatible with the pull back for the immersions i 
and j. Hence the forms T(E, p, fl) and fi(E, fl, fl') admit the naturality for i and j. 

Summarizing results obtained so far, we have the following: 

Proposition 6.2. Let p : M — > iV and be as in the last subsection. Let fl and fl' be 

Kahler forms with respect to h v . Let E be a p-acyclic hermitian vector bundle on M. Then 
there is a form fi(E, fl, fl') £ /^(iV) such that 

d A ^(E, fl, fl') = T(E, <p, fl) - T(E, <p, fl'). 

Furthermore, for the cartesian square as above, we have 

i*T(E,<p,n) = T(fE,p',fn), 

6.3. Higher analytic torsion forms for cubes. In this subsection we introduce the 



higher analytic torsion form of an exact metrized n-cube defined by Roessler ||14| . To do this 
we need another presentation of higher Bott-Chern forms. 

Let M be a compact complex algebraic manifold. For £ Di(M), we set 

C n {u u --- ,u n ) = ^ ^ (-l) sgn< X (1) • (u a{2 )* (•••«*(*)■••)) • 
Similarly, for it, £ .Ai(M), we set 

CS S (U U ■ ■ ■ , O = J2 (- 1 ) Sgnff MD • K(2) • (■ ■ ■ ««r(k) •■•)). 

where • is the multiplication on A*{M) defined in §4.3. 
Proposition 6.3. It follows that 

(—\) n n 

C„(mi, •••,«„) = i— ^- ^(-1)^(m x , •••,<)■ 

i=i 
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Hence for an exact metrized n-cube T , we have 

1 



ch n (.F) 



and 



(2ir^/-T) n n\ J (F iy 
(-IT 



(27T1 



\n-l 



ch (tr n A.F)C n (log |zi| , • • • , log |^r, 



/ chf (tr n A^)^(-l) 1 ^ 



1=1 

1 / chf (tr B A^Cf^log N 2 , ■ • • , log |z, 12 ' 

71! J(pl)n 



Let </? : M — > N be a smooth projective morphism of compact complex algebraic manifolds 
and htp a hermitian metric on Tip such that (if, h^) is a Kahler fibration. We assume that 
any exact metrized n-cube on M we deal with is made of (^-acyclic hermitian vector bundles. 
Then AJF for such a cube T is also made of (^-acyclic vector bundles and there is a canonical 
isomorphism 

</?*(tr n A.F) ~ Atr n ^*jF. 

When we put the L 2 -metrics on the both sides, however, this isomorphism does not preserve 
the metrics. In [[14], §3.1], Roessler has constructed a hermitian vector bundle h(F) connect- 
ing these metrics. Namely, h[T) is a hermitian vector bundle oniVx (P 1 ) n+1 satisfying the 
following conditions: 



^-(^ r )Ux{o}x(P 1 )™ = (tr n AJF) , /i(^ r )|xx{oo}x(P 1 ) n = Atr n ^*jF 



and 



h(T)\ 



Xx(P 1 ) l x{0}x(P 1 ) 



n-i = h(d°J r ), h(J 7 )\ Xx(J? i 



) i x{oo}x(P 1 ) 



i )n -i = Kd; 1 ?) © h{d}T) 



for 1 < i < n. For the precise definition of h(T), see [14]]. Let us define a differential form 
T\(T,ip) G A n+ \(N) as 



n+1 



(27T V /3 T) n (n+ 1)! i (P l)n + l ._ i 

Moreover we take a Kahler form Q with respect to h 9 and define Ti{J- ', <p, fl) G A n+ \(N) as 

\n+l 



v ; (27rv^ z T) n (n + 1)! 



1=1 



where 



5 n+l(^) = 5 n+l( T ( tr n ^ lo g kl^ * * * , lo g I 2 " 



Theorem 6.4. [II, Thm.3.6] For an exact metrized n-cube T on M , we have 



( —\) n r n 

d A Ti{F, <p) + TtfF, ip) = chf (<^) - - 1 n / ch G5 (^ tr B XF) £(-l) 4 # 

(27rV-l) n - 1 n! y (P i )n ^ 
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and 



d A T 2 {T, <p, n) + T 2 (dF, <p, SI) = - / chf tr B XT) £(-1)% 

(27rV-l) n ^ J(vi)n ^ 

- [ Td G5 (T^)ch^(^). 

J M/N 

Hence if we set T{J- ', ip, SI) = T^JF, <p) + T 2 (JF, ip, SI), then we have 

d A T{T, <p, SI) + T{dT, <p, SI) = ch° s (p^) - [ Td G5 (2>) ch° s (F). 

J M/N 

Let us discuss dependence of T(jF, ip, SI) on the Kahler form SI. We begin with the following 
lemma. 

Lemma 6.5. For u x e ^(M) and u-i E Ai(M) with 2 < % < n, let 

n 

c^ s ( Ul , ■ ■•,«„) = (- 1 ) SSI1CT ^(D • K(2) • (• ••«„<,■) •••))• 

T/ien we /jave 

dACn S (ui,U 2 , ■■■ ,U n ) 

n 

= C^ s (d A u 1 ,u 2 , - ■ ■ ,Un) +n^2(-l) k (d A u k ) • C%E 1 {ui,u 2 , - • • »«*»••• 

Proof. Since dy^-u • t>) = d/iii • i> + (— l) dcgu -u • d/tu, we have 
d A Cn S (u!,u 2 , ■■• ,u n ) 

n 

= EE (-i)^E(- 1 )^ d ^(o(Mi)«(---^---^oo"0) 

J=l ff€6„ i<j 
*0')=1 
n 

+EE (-irv)'(-^r-) 

n 

+EE (-ir'D-^VoM • (• • - mi) • • - mo • • • )) 

j=i o-e6„ J<i 
*0')=1 



67 



E E Hr^-h^-) 



i=i o-ee„ 
»Ci)=i 

n 

+EE E (-i) ssnCT (-ir + ^K(i)-(---^)---^o)---)) 

<r(j')=l 

a{i)=k 

n 

+ EE E (-ih-i)^Mv)«("^)-"^-)) 

fc=2 j<i o-e©„ 

<r(j')=l 

<r(i)=fc 

n 

= C n - 1 (d A u 1 ,u 2 , •••,«„) +nE(- 1 ) fe (^ M fe) C '™-i( M i' •••>«»!>••• 

fc=2 

which completes the proof. □ 

Proposition 6.6. For an exact metrized n-cube T on M, let ii{T) = /x(tr„ XJ 7 , fi, Q'). 
Then we have 

T(F, <p, n) - T(F, <p, Q') = ^ / C% s (»(dF), log l^l 2 , • • • , log l^xl 2 )) 

modulo Imclx- 

Proof: Prop. 6. 3 implies 

t 2 (f, ip, n) = / cS(r(tr n xf, n), log N 2 , • • • , log |z„| 2 ). 

(ft + 1J! J(pl)n 

Since Ti(T,(p) does not depend on f2, by Lem.6.5 and Prop. 6. 2 we have 

= rrw / CnU T (^n a^, ip, n) - r(tr n xf, <p, n'), log n 2 , • • • , i og ki 2 ) 



(n + 1)! i (P i )n 



(n + 



NV 


• • ,logk„| 


NV 


• • ,l0g|*n| 



1 /" 

- -7 E(- 1 ) fe_1 / d * lo s \zk\ 2 cs s (Kn • • • , iog n 2 , • • • ) 

T^TuMl C^MT),\og\ Zl \\... ,log|^| 2 )) 

-^7 / C^ S (/iW, log N 2 ,..., log k-xl 2 ), 

^ ! Jfp 1 )™- 1 
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which completes the proof. □ 

6.4. Definition of direct images. In this subsection, we apply the results obtained so 
far in this section to the arithmetic situation and define a direct image morphism in higher 
arithmetic F-theory. Let •p : X — > Y be a smooth projective morphism of proper arithmetic 
varieties. We fix an Foo-invariant metric on T<p(C) and take an anti-F^-invariant Kahler 
form Q on X(C) with respect to h^. Let S(ip-&c) denote the S-construction of the category 
of (/2-acyclic hermitian vector bundles on X. Then the direct image of a y?-acyclic hermitian 
vector bundle with the L 2 -metric gives a morphism of simplicial sets 

y?* : S^-ac) — > S(Y). 

Since the natural inclusion S(ip-ac) — > S(X) is homotopy equivalent, we have 

7T* ( 1 S(y9-ac) | , ch G5 ) ~ n*(\S(X)\, ch GS ) . 



Proposition 6.7. If E is a degenerate element of S n+ i(ip-ac), then we have 
T(Cnb(E),<p,Q) = 0. 

The proof is similar to that of Thm.3.4, so we omit it. By Prop. 6. 7, taking the higher 
analytic torsion forms yields the homomorphism 

T( ,(p,n):C.(\S(<p-ac)\)^A.(Y). 

In particular, the higher analytic torsion form of a pointed cellular map / : S n+1 — > | S((p-ac) | 
is defined by T(f,ip,n) = T(f*([S n+1 ]),<p,Q). To simplify notation, we write T(f) for 
T(f, tp, Q) if the morphism tp and the Kahler form Q are specified. 
Let us define a homomorphism of complexes ip\ : A*(X) — > A*(Y) by 

<piu= / Td GS (T^)u. 

JX(C)/Y(C) 

Prop. 6. 4 tells that the diagram 

C m (\S(<p-ac)\) C m (\S(Y)\) 

ch GS ch GS 

A*(X)[1] A*(Y)[1] 
is commutative up to the homotopy T( , <p, Q). Hence Prop. 2. 7 yields the following: 

Proposition 6.8. We can define a homomorphism 

<f(ty* : Tf n+ i(\S(p-ac)\,ch GS ) - n n+1 (\S(Y)\,ch GS ) 
by [(/, uj)} i-> [(ip J, pruj + T(f, tp, fi))] . 



(if) 



If Q' is another anti- Foe-invariant Kahler form with respect to h^, then it follows from 
Prop. 6. 6 that T(f, (p, fl) = T(f, (p, Q') modulo lmd,A for any pointed cellular map / : S n+1 — > 
\S(!f-ac) |. Hence the homomorphism <£>(f2)* depends only on the hermitian metric h v and 
does not concern the Kahler form Q. 

The following is the main theorem of this section. 



Theorem 6.9. Let <p : X — > Y be a smooth projective morphism of proper arithmetic 
varieties. We fix an F^-invariant metric h v on Tip such that the restriction of h v to any 
fiber <yj -1 (?/) on y G Y(C) is a Kahler metric. Then we can define a direct image morphism 

<p(h v )* : K n (X) -> K n (Y) 

by 

n n+1 (\S(X)\,ch GS ) ^n n+1 (\S( V -ac)\,ch GS ) ^ n n+1 (\S(Y)\,ch GS ), 
where Q is an anti-F ^-invariant Kahler from on X(C) with respect to h v . 

When n — 0, the direct image morphism we have defined above agrees with the morphism 



tp>\ in |TTJ. In fact, we have the commutative diagram 

X (X) K (X) 

X (Y) K (Y), 

where (p\ is defined as 

(p\(E,w) = {<p^E,<pi(u)-T(M)) 

for a v?-acyclic hermitian vector bundle E on X and cu G A\(X). 

Prop. 2. 8 implies that the Chern form map ch GS is compatible with the direct image 
morphism, that is, the diagram 

K n {X) A*{X) 
K n (Y) A*{Y) 

is commutative. In particular, we can define a direct image morphism in XM-groups 

tp(h v ). : KM n (X) -> KM n (Y). 

Finally, we give a description of the direct image morphism by means of the G-construction. 
Given a pointed cellular map / : S n — > |G(X)| for n > 1, we set 

T(j,<p,n) = TfaM[s n )),<p,n), 

where x is the morphism of simplicial sets defined in §5.3. Then a homomorphism 

: 7r n (|G(^-ac)|,ch G5 ) - 7r n (|G(F)|,ch G5 ) 
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is defined by </?($!)*([(/, u;)]) = [(</?*/, <^!^ — F(/, </?, fi))]. The homomorphism 

? n (|G(X)|,ch G5 )^ n (|G(y^ 

is identified with the direct image morphism defined in Thm.6.9 by the isomorphism x* m 
Prop. 5. 3. 

6.5. The projection formula. In this subsection we prove the projection formula in 
higher arithmetic F-theory. We first consider the case of Xo-groups. Let tp : X — > Y , h v 
and Q be as in the last subsection. Let F be a hermitian vector bundle on Y and F a (/3-acyclic 
hermitian vector bundle on X. Then the canonical isomorphism </?*(</?* F ® F) ~ E ® y?*F 
preserves the metrics. 

For G A\(Y) and r G .Ai(X), we have 

^(£*(F,^)x(F,t)) 

= tp l ((tp*E,<p*u) x (F,r)) 

= <p\((<p*E) <g> F, y?*cj A ch G5 (F) + y?* ch G5 (F) A r + p*cUw A r) 



where 



77= / Td G5 (Tv?) A (v?*cj Ach^ 5 (F) + v?*ch^(F) Ar + v?*^ Ar) 

Jx(C)/Y(C) 



>X(C)/Y(C) 

-T(<p*E®F) 



(ch G5 (F) + d A oj) A / Td G5 (T(/9) A r 



'x(c)/y(C) 

+ wA (ch GS (y9*F) - cUF(F)) - T(y?*F <g> F). 
On the other hand, we have 

(F, x (F, r) = (F, w) <g> (y?*F, - T(F) ) 
= (E®(pj?,rf), 

where 

r/ = (ch G5 (F) + d A to) A / Td G5 (2V) Ar + wA ch G5 (v?*F) 

JX(C)/Y(C) 

-(ch G5 (F) + ^) AT(F). 
Comparing these identities, we have 

7] - rf = -T(ip*E <g> F) + ch G5 (F) A T(F) + d A (u A T(F)). 
Hence the projection formula in 3Co-groups can be reduced to the following proposition: 



Proposition 6.10. Under the above notations, we have 

T(ip*E <g> F) = ch G5 (F) A T(F). 
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Proof. Let £ be an infinite dimensional vector bundle on N consisting of smooth sections 
of A*T*( 1,0 )(/? ® F. Let B u and A" M denote the Bismut superconnection and the number 
operator on £ respectively. Let £' be an infinite dimensional vector bundle consisting of 
smooth sections of A*T* ( - 1 '°^(p <g> faE <8> F) and the Bismut superconnection and the number 
operator on £' are denoted by B' u and N' u respectively. Then we have a canonical isometry 
£' ~ E ® £ and under this identification, we have 5^ = 1 <g> B u + <g> 1 and N' u — 1 <g) N u . 
Hence we have exp(— B' u 2 ) = exp(-K^) A exp(— B%), therefore 

tr s (Kex V (-B' u 2 )) = ch (E) A ti a (N u exp(-Bl)). 

Substituting this identity into the definition of TfaE ® F) yields the desired identity. □ 

Let us move on to the higher case. We assume n, m > 1. Consider the following diagram: 

A G(y>ac) G^-ac) 



1A(£>* 



G(Y) A G(Y) G( 2 )(F). 

This diagram is commutative up to homotopy. Let / : S n — > and c/ : S"™ — * |G(</>ac) 

be pointed cellular maps. For c<j e .A n +i(y) and r G /l m+ i(X), we have 

<p(Sl).(<p*(f, oo) x fo, r)) = <p(n)*faf x (-1) V chf (/) . r + <A> • ch G5 (s) 

+ (-l)»d^a; • r + (-1) V ch GS (/) A ch G %)) 

= (<P*(<P*f x 

where 

77 = (-l)"(chf (/) + d A u) • / Td G5 (2>) A r + • (ch G5 (y^) - ^T(y)) 

JX(C)/Y(C) 

+ (-l)"chf (/) A (chgVs) - d^T( ff )) - TV/ x «?). 
On the other hand, we have 

(/, u) x ip(h v )*(g, r) = (/, w) x fag, ip,r - T(g)) 
= (f x (P*9,v'), 

where 

77' = (-ir(ch« s (/) + d**) . / Td G5 (2>) A r — (-l)"(ch GS (/) + d A u) . T(<?) 

JX(C)/Y(C) 

+ u . ch G5 (y^) + (-1)" ch G5 (/) A ch G5 (y^). 

A homotopy from ip^faf x (?) to / x is given by the canonical isometry (p*fa E ® F) 2 
E x ip*F of hermitian vector bundles. Hence we can show the identity 

[fafafxg),0)] = [(fx^g,0)} 

in 7r n+m (\G^(Y)\,ch GS ) in the same way as Lem.5.6. Furthermore, we have 

77 - 77' = ch G5 (/) A d A T(g) - Tfaf xg) + (-1)™ ch G5 (/) . T(g) 
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modulo lmd A . Hence the projection formula in higher arithmetic K-theory can be reduced 
to the following proposition: 



Proposition 6.11. For an exact metrized n-cube T on Y and an exact metrized m-cube 
Q made of tp- acyclic hermitian vector bundles on X, we have 

d A (ch° s (f) A T{Q)) = - T{^T + (-1)" ch° s (F) . T(Q) 

+ ch^(aF) A T{Q) + chf (f) A d A T(G). 

Proof. We will prove the following identities: 

d A (ch° s (F) A T\(£)) = - T x (tp*F x Q) + (-1)" df n s {T) . T X {Q) 

+ ch^(^) A Ti(Q) + (-ir +1 ch^(^) A d A Ti (Q) , 

d A (ch° s (f) A T 2 {G)) = ~ T 2 {y*F x Q) + (-1)" ch^(^) . T 2 (G) 

+ ch^aF) A T 2 (Q) + ch° s (F) A d A T 2 (Q). 

These two identities can be proved in the same way, so we will prove only the latter one. 
The following lemma is the renormalized version of Prop. 4. 5. 

Lemma 6.12. For ui, ■ • • , u n , v±, • • • , v m e Ai(M), we have 

(n m 
^i-iysiim, ■ ■ ■ , u n ) a ^(-r/^K ..., Vm ) 
i=i j=i 

n+m 



_, v _r ( n D E*- 1 )* 5 ^"!'-" 

fe=l 

n 

-4^t E (-i)*'<7 1,m £(-i) a ^ 



l<i<n-l 
l<j<m 



/3=1 



l<j<ra 
l<j'<m— 1 

+ (-l) n E (-ir +j ^(ui,--- ,n n ).54(^,--- , Um ). 

l<i<n 
l<j<m 

Let us start proving the latter identity. For t < s, let 7Ti : (P x ) s — > (P 1 )* denote the pro- 
jection defined by 7Ti(xi, • • • , x s ) = (x±, • ■ • ,x t ) and 7r 2 : (P 1 ) 5 — > (P 1 )* denote the projection 
defined by tt 2 (xi, ■ ■ ■ ,x s ) = (x s - t +i, ■ ■ ■ ,x s ). Then Lem.6.12 implies 

d A (ch% s (F)AT 2 (g)) 

( \ 



(2 W V=T) n+m - 1 n!(m+l)l , ml)n+m 



7r lC h« 5 (tr n A^)d. 



.A 



l<i<n 
a<j<m+l 
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n+m+1 



/ 7rtch^(tr n A^) V (-l) fc 5* +m+1 (T(tr m Afi?),log|ti| 2 ,--- ,log|t n+m | 2 ) 

J(pl)n + m f * 



(27r v / ^T)"+ m (n+m+l)! . n 

< r > fc=l 



l<j<m+l 

+ 2(2,M^n< m < l < Ch S (^n XF) E ("1 WjT*^ A tfj (^T(tr m \Q)S 3 m ) 

l<j<m 

17 (P )" m l<i<n 

l<j<m 



W ' l<i<n 

l<j<m 

| (-l) m+1 
r (27rv^T)«+— inl(m+l)l /ml 

l<j<n 



l<j<m+l 

By Prop. 6. 10, we have 

Til ch^ 5 (tr„ \F)S k n+m+1 {T{te m XQ), log l^) 2 , • • • , log \t n+ml 

= Sn +m+ i« ch^ 5 (tr n A.F) A n* 2 T(ti m \Q), log l^ 2 , • • • , log \t n+m 
= S k n+m+1 (T(tr n+m X(<p*T <g> 0), log ^l 2 , • • • , log |t n+m | 2 ) 

Moreover, we have 

„ m+1 



m 

(-1) 



(27r v / ^T) m - 1 m 



^(-iy(^T(tr m A^)^-^(^)) 
j'=i 



Hence we have 
^(ch^(.F) A T 2 (<?)) 



n+m+1 

(-1)" 



(27r v /3 T) n+m (n+m+l)! 

A- 1 



« (IT'"' T i 

/ £ (-l) fc ^ +m+1 (^®<?) 



+ ^VDHDI E (-^^^'^^(^(trn-rA^^^A^^^) 

>■ ' l<j<n— 1 

i<7<m+i 

+ 2(2^yr- lra!m , / E (-l) i+i <T^ ch o G5 ( tr « XT )< S n A ^ (cUT(tr m A0)& - SUdQ)) 

(p 1 )™ +m l<j< n 
l<jr<m 

+ {2 ^SZ (m+ iy I E (-ir + ^i(ch^(tr n A^)^).^^ +1 (a) 



l<i<n 
l<j<m+l 
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= -T 2 {^F® G) + ch^(aF) A T 2 (Q) 

+ ch^(JT) A ^T 2 (S) + (-1)" ch^(^) . T 2 (G), 

which completes the proof. □ 

Let us consider the case of n = and m > 0. Let (E,u) be a pair of a hermitian vector 
bundle on Y and G ^Ai(V) and let (g, r) be a pair of a pointed cellular map g : S m — > 
and r G .A m+ i(X). Then we have 

= (M¥*E ® g),<pi(<p*u • (ch£ 5 (g) + d^r)) + ^-(^ ch£ s (£) . r) - T{^E ® g) 
= (<p*(<p*E ®g),v <pi(chg s (g) + d A r)) + ch% s (E) • ( V ,r - T(g)). 
On the other hand, we have 
(E,u) x <p(n)t(g,T) 

= (E® <p*g, ch° s (E) • { Vl r - T{g)) + u • ch^ s {^g) + uj • (p,r - T(g)) 
— (E <S> <p*g, ch% s (E) • (^t - T(g)) + u • c^r + w • <pi ch° s (g)). 
Hence we have 

ip(n).(<?(E,u) x (g,r)) = (E,u) x <p(n)*(g,r). 
In the case of n > and m = 0, we can also prove the projection formula for the pairing 
K n x % ^ K n in the same way. Hence we have the following theorem: 

Theorem 6.13. Let ip : X — > Y be a projective smooth morphism of proper arithmetic 
varieties. Let h v be an F^-invariant hermitian metric on the relative tangent bundle Tip(C) 
that induces a Kdhler metric on any fiber of ip(C). Then for y G K n (Y) and x G K m {X), 
we have 

<p(h<p)*(fi*y x x ) = V x ${h v )*(x). 



Appendix A. Some identities satisfied by binomial coefficients 



Lemma A.l. (1) For < k < i, we have 



k-i 



(n - i) e rr: i+1 ) rr 1 ) + i E rrr ) r) 

+ -) E ( n rr-7) rr 1 ) + a - k ) rrr) rr 1 ) • 



a=0 o=0 
fe-1 

— (n 

In particular, we have 

i—l i i—l 



(» - o E rrr +1 ) rr x ) + < E rrr ) r) = E rrr-7) rr 1 ) • 

o=0 a=0 a=0 
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(2) For < k < i, we have 



i-i i-i 



(m - j) e rzrr 1 ) rr 1 ) + * E rrr ) ra 

o=fc a=fc 

+ »o E rrr o rr ') -(<-*) rrr) rr 1 ) • 

a=fc 



In particular, we have 

(m - j) e ( n+ T-7 +1 ) m + j E rrr) ra = E rrr o rr 1 ) • 

ct=0 a=0 a=0 

Proo/ We will prove them by induction on k. When k — 0, the claim (1) is trivial. If the 
claim (1) holds for k — 1, then we have 

fe-i fc 



(» - o E ( n+ T-7 +1 ) rr 1 ) + i E rrr o rj) 



o=0 a=0 
fc-2 



=(»+"») E ( n rr-7) rr : ) +(<-*+i) mr ) rr 1 ) 

a=0 

+ (» - orra +1 ) rr 1 ) + *rrr) r j ) 
= E ("rr-7) rr : ) + (* - * + 1) rnr) rr x ) 

+ < + rr) rr 1 ) +*rrr) m 
= („ + m) £ (rrr) rr 1 ) - (< + j - k) rrr) rr 1 ) 

+r + rr)rr) 

(n+m)fl rrrj) rr : ) +(*-*) rrr) rr ') ■ 

a=0 



Hence the claim (1) holds for k. 
The claim (2) for k — i is trivial. If (2) holds for k + 1, then we have 



i-l i-l 



(m - j) e rrr +1 ) rr) + j e rrr) r ) 



a=fc a=fc 
i-l 



=(n+m) x: (^orr 1 )-^-*-^^-^')^ 1 ) 



a=fc+l 



+ (- - i) rrrr +1 ) rr x ) + j rrr) r j ) 
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i-1 



(n+m) Yl rrr 3 )( t+ i~ l ) + (™-j-*+k+i)(T^7)( t+ r l ) 

a=k+l 
o=fc+l 

+i( n+ rr)CK 1 ) 
+*»)£ rrr o rt 1 ) -(*-*) rrr) ea 1 ) > 



i-l 

— (n 

a=k 

hence the claim (2) holds for k. 



Lemma A. 2. We have 

n i+j-l j-i 

/n+m+«\ _1 (n+m-i-j\ ST^ (n+m+l-i-j-k+l\ (i+j+k-l\ _ /m+l-j-k+l\ H+k-l\ 

V n ) / j v n— i / V i / / / V n+m—a / V a / / j \ m—a I V a / 
i=0 a=0 o=0 

Proof. Let F n denote the left hand side of the above. Then we have 

P _ /n+m+A-iV^ [ /-, _^ ^\(n+m-i-j+l\ (i+j-2\ /n+m+Z-i-j-fe+2\ /i+j+fe-2\ 

r n \ n ) 2.^1 I ^ „ A ra-i+1 A i-l J V n+m-o A a ) 



n 

i=l \ o=0 
i+j-l 



»-pj — -i 

, _^_/n+m-i-j\ (i+j-l\ ST^ fn+m+l-i-j-k+l\ fi+j+k-l\ 
„ I n—i J \ i J / j \ n+m—a J \ a J 
H o=0 

= j rrr 1 E rrr) rr) (» + •» - * - j + 1) E rrsrrr r r 

i=l \ a=0 

i+j-l \ 

+(<+i-i)E r^lr-r^rr 1 ) ■ 

a=0 / 

By Lem.A.l, we have 

_ Tl + 171 + l / n+m+ i\ -1 / n+m _j_j\ /j +J _2\ /rt+m+Z-i-j-fc+lWi+j+fc-l\ 

n ~~ „ \ n ) 2.^1 V ro-i A i-l J Z^ V n+m-l-a A a / 

i=l a=0 

n— 1 i+j — 1 

/n+m+i-l\ _1 /n+m-i-j-l\ /i+j-l\ /n+m+i-i-j-fe\ /i+j'+fc\ 

V n— 1 / / / V rt— i— 1 / V i / / j V n+rrt— 1— « /V a / 
i=n r»=n 



i=0 o=0 

= -^n-l 

Hence F n = F , that is, 



i-i 

r n V m-a A o /' 

o=0 

which completes the proof. 
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Lemma A. 3. IfO<i<n and 1 < j < m, 

i i 

E/n+m-a-j\ /a+j-l\ _ \ ^ tn+m-i-j\ 
\ n—a / V a ) / j V n— a ) V a ) ' 
a=0 o=0 

In particular, we have 

n n 

Etn+m-a-j\ /a+j-l\ _ \ ^ (m-j\ (n+j\ _ /n+m\ 
\ n—a ) V a ) / j \n—a) \ a ) V n / 

Proo/ We prove the lemma by induction on i. When i = 0, the statement of the lemma 
is clear. If the identity holds for % — 1, then we have 

i j— 1 

E/n+m-o-jrA la+j-l\ _ \ r /n+m-i-jr'+l^ , /n+m-i-j\ 

V n—a /V a / / j \ n—a )\ a ) V n— i /V i / 
a=0 o=0 

i-1 i-1 

E/n+m— i— j\ (i+j — l\ _i_ \ ^ /n+m—i—j\ , /n+m— i— j\ 

\ n-a )\ a ) 2-^ V n-l-a A a / I n-i A i / 

o=0 a=0 

j i 

E/n+m-i-j\ _|_ \^ /n+m-i-j\ 

V rt— a / V a / / j V n—a / V a—1 ) 
a=0 a=l 

i 

/ j \ n—a I \ a ) ' 

Q = 

which completes the proof. □ 
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